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The inverse z-transform by Partial Fraction Expansion

Multiple — order poles:
If X(z) has repeated poles. This time we use a different
expansion.

Example:
~ 1
X =y 2y
Positive powers of z.
_ 1
X&) = iz
X(2) _ z _ A LA LA

z  (z+D(z- 1% (z+) (z-1) (z-27?
Determine the coefficients A, A,, and A.

A= (Z+1)X(Z)| z° | l
z = (z (z-)2'"' 4
z- D)°X(z z° 1
AL AT S
z (z+1) 2
A = de(z 1)*X(2)u dé Z u 22(z+1)-22| _2(29-1_3
dz§  z Hm dzee(z+1)uz (z+)? ' 22 4
1 3 1
X__ zZ _ 4 . 4 , 2

z  (z+D(z-1)? (z+) (z-1) (z-D?
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1 2z 3 z 1 =z
+

X(z) == — +=
4(z+1) 4(z-1D 2(z-1)°

X(Z)_l 1 .3 1 1 7
C4Q+zYhH 4Q-ZY) 2(@1- zY?

X(2) = gi(- D" +%+%n§.1(n)

Distinct complex poles

Example:
1+z1*
X(2) =
(@) 1- z'+0.5z°
Positive powers of z.
z(z+1)
X(2) =
@) Z°- z+05
X(z) _  z+1 _ z+1 _ A N A
2
z z°-z+05 (z- p)(z- p,) (Z-i-jl) (Z-E+j})
2 "2 2 2
1+.1+1
_(z-pX@), _  z+1 _ 2705 _
A e T T LT A, T, LT
2 J2 2 J2 2 J2
1 .1,
_(z-p)X(2), _  z+l _ 2755 _1,
=P z= 1 .
z (Z_ i_ 1) 2 J2 (i_ Jl_ 1_ 1) 2
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z 7°-z+05 1 .1 1 .1
Z- —- | — Z- _+ =
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Ai_i' E_\/_ - 71565 A2—£+J§_@e+171-565
2 2 2 "2 2
* 1 1 1
= = — 4+ | — = _— +]p/4
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X(Z) _ Z+1 _ 2 N 2
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V10 j71ses @1 & Jp/4o u(n)+@eﬂl565ael e Jng u(n)

M= ezt 2 72

JS_ 715652 O

—-71565
x(n) = \/_881 0@ 13 ﬂ+1e 2+u(n)

8x/_;a§ 2 p

- cosg—- 71. 565_u(n)
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The One-Side z-Ttransform
The one-sided z-transform of a signal x(n) is defined as

X (@) =8 Xz’
n=0

x(n) « X" (2)
The one-sided z-transform has the following characteristics:
1. It does not contain information about the signal x(n) for
negative values of time (i.e., for n<0)
2. It is unique only for causal signals, because only these
signals are zero for n<0.

3. The one-sided z-transform X (z) of x(n) is edantical to
the two-sided z-transform of the signal x(n)u(n).

4. ROC of X" (2)is always the exterior of the circle. So it is
not necessary to refer to their ROC.

Example:
Xl(n) :{11215,7,0,1} ()(( X;(Z) =1+ 22'1+5Z-2+7Z-3+Z_5

x,(N) ={12,5,7,0,1} « X:(2)=5+7z1+7?

X;(n) ={0,0,1,2,5,7,0,1} « X;(2) =172 4272 4574 +775 + 77

x(M=d(n) « X;(2)=1, x(M=d(n- k) « X(2=2"*

%(n) =d(n+k) « X;(2)=0
1

x,(n) =a"u(n XX*z:
(M =au(n) « X;(2)=—;
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Shifting Property
Case 1:Time Delay
If x(n)« X" (2)
Then

X+ 7 k ~
x(n - K)« z'k§X+(z)+é X(- n)z”§ k>0
=1
In case x(n) is causal, then

x(n- k)« z¥X*(2) k>0

Example:
X() = a'u(n) « X*(2)=
1+az

The ztransform of x (n) =x(n- 2)

+x(- Dz+ X(- 2 25

H

e
&l+az?
-2

x(n-2)=a"%u(n- 2) « z°?

+x(- )zt +x(-1)

l1+az?
-2
— -l+a-lz-l+a-2
1+az

Case 2: Time advance

If x(n)« X*(2)
Then

X+ ’ k_l AN
x(n+k)« 28X *(2)- A x(-Mz"g k>0
e n=0 u

Example:

ece308-20-5



1

x(n) = a"u(n) <ﬁ X*(2) = Tr et

The ztransform of x (n) =x(n+2)

. x & 1 U
x(n-2)=a"%u(n- 2 2 +x(0)+ x(D)z -
( ) ( ) « Sl+az’ (0) + x(1) g

— 22 1
“rag? +x(0) Z + x(1) z

2

-+2°+az

1+ az’
Final Value Theorem:

If x(n)« X*(2)
Then
LI@)I’QX(I’]) « Iz|®nl1(z-1)X (2

Thisis exits if the ROCof (z- 1) X" (z)includes the unit
circle.

Example:
x(n) =u(n), h(n) =a"u(n)
y(n) = h(n)* x(n)

1 1 v
1-az'1- z' (z-a)(z-1

Y(2)=H(2) X(2) = ROC: |2 >a]

_ zZ _z .
(z-1)Y(z)—(z-1)(Z_a)(z_1)—(Z_a) ROC: |7 >[a|

xt 2
Z 1
I|mx(n) « lim =
®lz-a 1l-a
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Solution of Difference Equation:

The one-sided z-transform is a very efficient tool for the
solution of difference equation.

Example: Let y(nO represents the Fibonnacci series
y(n) =y(n-1)+y(n- 2)

The initial condition

y(O) =yt D)+y(-2)=1

yd) =y +y- D=1 2>y(-D)=0,y(-2)=1

Y@=z g (2)+y(- DY+ Z & (@ +y(-D_W-Dz 'y

1 yia
Y(z) = =
@) 1- 74+ 7% - z+1
Y(2) _ Z A + A
z e +\/_oae 1- \/Eo & 1+450 @& 1-./50
cZ- > —Q = GQL- 5 - QZ-T+
e g e g e a
1+J§
A=—F =2
G- 2
e @
_@- 450
e :|_+\/§('jz-1';/g \/5
GZ- 5 -
e @
é 2|
1+Iaa_+J§o 1- /53- /50
y(n) = + Gu(n)

525¢ 2 5 2B¢E 2 g
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