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Properties of z-Transform

Linearity:
If % (n) « X,(2) and x,(n) « X,(2)

Thenx(n) = ax () +a,%,(n) « a,X,(2) +a,X,(2)
Example:

x(n) = g3(2") - 4(3")gu(n)
X, (n) =2"u(n)
X,(n) =3"u(n)

X(n) =3x,(n) - 4x,(n)
Its z-transform:
X (z) =3X(2) - 4X,(2)

a"u(n « ROC: |Z>a
m & —1 . roc:|>h
z 1
n)=2"u(n) « X,(z ROC: |z>2
x(n) =2'u(n) « Xy(2)—— 2
X,(n) =3"u(n) « X,(2) ! Rroc: 17>3
1- 3z°*

The intersection of the ROC of X,(z)and X,(2)is |7>3

2 4
X(2) = - ROC: [Z>3
@) 1- 2z* 1- 37 &
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Example: Find z-transform of the following function
x(n) = (cosw,n)u(n)

Using Euler’s identity:

x(n) = (cosw,n)u(n) = %ejWO”u(n) +%e‘ Py (n)

X (2) :%Z{ejwonu(n)} " %Z{e‘ M)

We set
a=¢e" (ja|=|e""|=1
jw,n 1 .
e™"u(n) « ———, ROC:|7>1
1- ez
e M™"y(n) « ;1 ROC:|Z>1
1- € Mz
X(z):E 1W _1+l _1.W —, ROC:|7>1
21- e™z" 21- €'z
Some algebraic manipulation:
z 1- z 'cosw
(cosw,n)u(n) « - ° _ ROC:|7>1
1- 2z~ cosw, +Z
For sin signal:
. z z'sinw
(sinwyn)u(n) « SN ROC:|7>1

1- 2z *cosw, +Z'?
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Time Shifting
If x(n) « X(2)

Then x(n- k) « Z*X(2)
ROC: same as X(z) accept for z=0if k>0and z=0if k<O

Example:
x(n) ={12,5,7,0,1

X,(2)=1+2z'+5z2°+7z°%+7°, ROC: z1 0

X,(n) =% (n+2)
X,(2)=Z +2Z +5+7z2'+Z°, ROC: z! 0,z ¥

X,(N) = x(n- 2)

X,(2)=2?+2z°+52*+7z2°+Z"', ROC: zt O

Scaling in the z-domain

If x(n) « X(2) ROC: r, <[z| <r,

z
then a"x(n) « X(a*z) ROC: |a|r, <|Z <[4,
for any constant a, real or complex.

Example:
x(n) = a"(cosw,n)u(n)

2z 1- Z'cosw,
(coswyn)u(n) « — —
1- 2z cosw, +Z

ROC: |7>1
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1- az *cosw,
1- 2az ‘cosw, +a’z?

X(2) = ROC: |7 >[4

Time reversal
If  x(n) « X(27 ROC: r,<[z|<r,

then x(- n) « X(z') ROC: %<\z\<ri

1 2
Example:
x(n) =u(- n)
u(n) « ROC: |7 >1
( ) 1_ Z-l ‘ ‘
u(- n) « ROC: |7<1
1- z
Differentiation in the z-domain
It x(n) « X(2) ROC: r, <[z| <r,
then nx(n) « - zdﬁ(z) ROC: r, <[z| <r,
z
Example:
x(n) = na"u(n)
a"u(n « ROC: |z >|a
™ < 4>/d

, . -1
na"u(n) « X(Z):-Ziae . -12 L—lZ
dz%l-az g (1-az?)

ROC: |7 >|d|
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Convolution of two segquences
If  x(n) « X, (2
X,(N) « X,(2)

then x(n) = x(N*%,(N) « X(2) = X,(2)X,(2)
ROC: is the intersection of X,(z)and X,(2)

Example:
X (n) ={1-21}
il OEnES
Xz(n) =1
710 elsewhere

X, (2)=1-2z"+77
X (D)=1+z'+7°+72°+7*+7°

X(2) =X, ()X, (D) =1-z2*- z2°+Z"
Therefore,
x(n) ={1,- 1,0,0,0,0,- 1.1}

Correlation of two sequences:
I xM) « X,(2)
%(n) « X,(2)

then

o ()= & 4(Mx(n- 1) « R, (2)=X,(2)X,(2")

n=-¥

Example:
The autocorrelation of signal

x(n) =a"u(n) - 1<a<l1
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1

X@ = ROC: |7 >|a
X(z'l):i, ROC: |z|>i
1- az a

1 1

R (2 =X(DX ()R, (2) =

The initial Value Theorem:

If x(n) is causal (x(n) =0 for n>0)
x(0) :Izi®rQX(z)

1- az*1l-az 1- a(z+z1) +a’
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