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Properties of z-Transform 
 
Linearity: 

If 1 1( ) ( )
z

x n X z↔  and 2 2( ) ( )
z

x n X z↔  

Then 1 1 2 2 1 1 2 2( ) ( ) ( ) ( ) ( )
z

x n a x n a x n a X z a X z= + ↔ +  
Example: 

( ) 3(2 ) 4(3 ) ( )n nx n u n = −   

1( ) 2 ( )nx n u n=  

2( ) 3 ( )nx n u n=  

1 2( ) 3 ( ) 4 ( )x n x n x n= −  
Its z-transform: 

1 2( ) 3 ( ) 4 ( )X z X z X z= −  
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1
( )

1

z
nu n

z
α

α −↔
−

   ROC: z α>  

1 1 1

1
( ) 2 ( ) ( )

1 2

z
nx n u n X z

z−= ↔
−

    ROC: 2z >  

 

2 2 1

1
( ) 3 ( ) ( )

1 3

z
nx n u n X z

z−= ↔
−

  ROC: 3z >  

 
The intersection of the ROC of 1( )X z and 2 ( )X z is 3z >  
 

1 1

2 4
( )

1 2 1 3
X z

z z− −= −
− −

    ROC: 3z >  
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Example: Find z-transform of the following function 
( )0( ) cos ( )x n n u nω=  

 
Using Euler’s identity: 

( ) 0 0
0

1 1
( ) cos ( ) ( ) ( )

2 2
j n j nx n n u n e u n e u nω ωω −= = +  

 

{ } { }0 0
1 1

( ) ( ) ( )
2 2

j n j nX z Z e u n Z e u nω ω−= +  

 
We set 

0je ωα ±=   ( 0 1je ωα ±= =  

 

0

0 1

1
( )

1
j n

je u n
e z

ω
ω −↔

−
,    ROC: 1z >  

0

0 1

1
( )

1
j n

je u n
e z

ω
ω

−
− −↔

−
,    ROC: 1z >  

 

0 01 1

1 1 1 1
( )

2 1 2 1j jX z
e z e zω ω−− −= +

− −
,    ROC: 1z >  

 
Some algebraic manipulation: 

( )
1

0
0 1 2

0

1 cos
cos ( )

1 2 cos

z z
n u n

z z
ω

ω
ω

−

− −

−
↔

− +
    ROC: 1z >  

 
For sin signal: 

( )
1

0
0 1 2

0

sin
sin ( )

1 2 cos

z z
n u n

z z
ω

ω
ω

−

− −↔
− +

    ROC: 1z >  
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Time Shifting 

If   ( ) ( )
z

x n X z↔   

Then ( ) ( )
z

kx n k z X z−− ↔    
ROC: same as X(z) accept for 0z = if 0k >  and 0z =  if 0k <  
 
Example:  

1( ) {1,2,5,7,0,1}x n =

↑
 

  1 2 3 5
1( ) 1 2 5 7X z z z z z− − − −= + + + + ,  ROC: 0z ≠  

 
2 1( ) ( 2)x n x n= +  

2 1 1 3
2 ( ) 2 5 7X z z z z z− −= + + + + ,  ROC: 0z ≠ , z ≠ ∞  

 
2 1( ) ( 2)x n x n= −  

2 3 4 5 7
3( ) 2 5 7X z z z z z z− − − − −= + + + + ,  ROC: 0z ≠  

 
 
Scaling in the z-domain 

If  ( ) ( )
z

x n X z↔   ROC: 1 2r z r< <  

then 1( ) ( )
z

na x n X a z−↔  ROC: 1 2a r z a r< <   
for any constant a, real or complex. 

  
Example:  

0( ) (cos ) ( )nx n a n u nω=  
 

( )
1

0
0 1 2

0

1 cos
cos ( )

1 2 cos

z z
n u n

z z
ω

ω
ω

−

− −

−
↔

− +
 ROC: 1z >  
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1
0

1 2 2
0

1 cos
( )

1 2 cos
az

X z
az a z

ω
ω

−

− −

−
=

− +
  ROC: z a>  

 
Time reversal 

If  ( ) ( )
z

x n X z↔   ROC: 1 2r z r< <  

then 1( ) ( )
z

x n X z−− ↔  ROC: 
1 2

1 1
z

r r
< <  

Example:  
( ) ( )x n u n= −  

 

1

1
( )

1

z

u n
z−↔

−
 ROC: 1z >  

 
1

( )
1

z

u n
z

− ↔
−

 ROC: 1z <  

 
Differentiation in the z-domain 

If  ( ) ( )
z

x n X z↔    ROC: 1 2r z r< <  

then 
( )

( )
z dX z

nx n z
dz

↔ −    ROC: 1 2r z r< <  

Example:  
( ) ( )nx n na u n=  

1

1
( )

1

z
na u n

az−↔
−

 ROC: z a>  

1

1 1 2

1
( ) ( )

1 (1 )

z
n d az

na u n X z z
dz az az

−

− −

 ↔ = − = − − 
 ROC: z a>  
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Convolution of two sequences 

If  1 1( ) ( )
z

x n X z↔   

 2 2( ) ( )
z

x n X z↔   

then 1 2 1 2( ) ( ) * ( ) ( ) ( ) ( )
z

x n x n x n X z X z X z= ↔ =   
 ROC: is the intersection of 1( )X z and 2 ( )X z  
Example: 

1( ) {1, 2,1}x n = −  

2

1 0 5
( )

0 elsewhere
n

x n
≤ ≤

= 


 

1 2
1( ) 1 2X z z z− −= − +  

1 2 3 4 5
2 ( ) 1X z z z z z z− − − − −= + + + + +  

 
1 6 7

1 2( ) ( ) ( ) 1X z X z X z z z z− − −= = − − +  
 
Therefore, 
 

( ) {1, 1,0,0,0,0, 1,1}x n = − −  
 
Correlation of two sequences: 

If  1 1( ) ( )
z

x n X z↔   

   2 2( ) ( )
z

x n X z↔  
then 

1 2 1 2

1
1 2 1 2( ) ( ) ( ) ( ) ( ) ( )

z

x x x x
n

r l x n x n l R z X z X z
∞

−

=−∞

= − ↔ =∑   

  
Example: 
The autocorrelation of signal 
  ( ) ( ) 1 1nx n a u n a= − < <  
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1

1
( )

1
X z

az−=
−

,    ROC: z a>  

1 1
( )

1
X z

az
− =

−
,    ROC: 

1
z

a
>  

 

1 1

1
1 1( ) ( ) ( )x xR z X z X z−=

1 1 1 1 2

1 1 1
( )

1 1 1 ( )x xR z
az az a z z a− −= =

− − − + +
 

 
The initial Value Theorem: 
 
If ( )x n is causal ( ( ) 0x n =  for  0n > ) 
 (0) lim ( )

z
x X z

→∞
=  

 
 
 

 
 


