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2.4.2 Constant-Coefficient Difference Equations

LTI Systems can be described by Constant-Coefficient
Difference Equations to represent the input-output relations.

Let’s have a recursive system that is first-order difference

X(n) y(n)

+ >

y(n) =ay(n- 1)+ x(n)

where a is a constant and system is time invariant. We
assume that we have initial condition y(-1).

For n3 0, y(n) can be obtained
y(0) =ay(- ) + x(0)
y() = ay(0) + x() =a’y(- 1) + ax(0) + x(1)

y(2) = ay(D) + x(2)=a’y(- ) +a’x(0) + ax(1) + x(2)

y(n) =a"y(- D+a'x@) +a" 'x(@) +...+x(n)  or

"y-D+Q axn-k) ,forn30

k=0

y(n)=a
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The response y(n) of the system depends on
initial condition y(-1) of the system and
the system response to the input signal.

If the system is initially relaxed at time n=0, its memory
should be zero. So, y(-1)=0.

Then, system is at zero state and the corresponding output
Is called zero-state response or forced response.

y.(N)=g ax(n- k), forn3 0

k=0

If system is initially nonrelaxed (y(-1)* 0) and the input x(n)=0
for all n.

The corresponding output is called zero-input response or
natural response.

y,(N)=a™y(-1) ,forn30
The total system response is
y(n) =y5(N+y,(n) ,forn30

General form of linear constant-coefficient difference
equation is

y(n) =- & ay(n- k)+a bx(n- k) or

k=1 k=0
a ay(n- k) =3 bx(n- k)
k=0 k=0

N is called the order of the difference equation or order of
the system.
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In order to find y(n), we need to know initial conditions y(n-
1), y(-2),...,y(n-N) and the input x(n) for all n3 0.

Recursive system may be relaxed or non-relaxed, depending
on the initial condition.

A system is linear if satisfy the following requirements:

1. The total response is equal to the sum of the zero-input
and zero-state responses

y(n) =y (n)+y,(n)

2. The principles of superposition applies to the zero-state
response (zero-state linear)

3. The principles of superposition applies to the zero-input
response (zero-input linear)

If a system does not satisfy all three separate requirement,
system is called nonlinear.

Example:

y(n) =ay(n- 1)+ x(n)

y(n) =a"y(-1) + § ax(n- K)

k=0

y(n) =y (n)+y,(n) satisfy requirement one.
The second requirement:
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Let assume x(n) =cx (n) +¢,X,(N)
Vo) =4 ax(n- k)

k=0

é’nl a“[ex (n- k) +c,%,(n- k)]

k=0

=68 a*x(n- k) +c, 4 ax,(n- K)

k=0 k=0
=y (M) + Gy (n)

Zero=state linear.

The third requirement:

Let assume

yED =y D+gy,(-1)

y;(n)=a™y(-D=a"™[cy(- D +C,y,(- 1]
= Clan+1 yl(' 1) + Czan+1 yz (' 1)
=cy{(-D+cy?(-1)
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2.4.3 Solution of Linear Constant-Coefficient Difference

Equations

Two methods
Direct method
Indirect Method (z-transform)

Direct solution Method:

The total solution is the sum of two parts
y(n) =y, (n)+y,(n)

Part 1 Yy, (n) homogeneous solution

Part 2 y,(n) particular solution.

The Homogeneous solution

Assuming that the input x(n) =0

N
aayn- k=0
k=0
The solution is the form of an exponential
Ya(n) =17

If we substitute this in the previous equation.

k=0

| "+al "t +al "2+ +a .l "MV 4l "N =0

| "N (1IN +al Mral VP +ay )l +ay) =0
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This is called characteristic polynomial of the system. It has
N roots and denotes by | I ,,...,I .

The roots can be real or complex or some roots are identical.

Let assume that roots are real and not identical, the solution
becomes

Ya(M) =Cl [ +C,l ; +..+Cyl

The coefficients C.,i =1,2,...,N are determined from the initial

conditions. Since x(n) =0, this gives us the zero-input
response of the system

If there are two identical roots, the solution becomes

y,(N)=CJl ;] +Cnl] +C, ] +..+Cl

Example: Find the homogenous solution and the zero-input
response for

Setting x(n) =0 and The homogeneous solution form
Ya(n)=1"

| n+a1 n-1:0

™1 - a)=0
| =-a,

The homogenous solution of the deference equation is
Ya(n) =Cl "=C(-&)"

For the zero-input response, we have
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y(0)+ay(0-)=0 > y(0)=-ay(-1) and
yn(0)=C(-a)°=C

Using the last two equations C=-ay(- 1

V(N =-ay(-D(-a) =¢a)"y(-1

Example: Find the zero-input response for the second-order
difference equation

y(n)- 3y(n- 1)- 4y(n- 2)=0
The homogeneous solution form vy, (n) =1 "
|"-3 " -4 =0
| "2(1%-3 - 4=0
Therootsare |, =-11,=4.
The homogenous solution is
y,(N)=CJl [ +CJ ;]
=C,(-D)"+C,4"
For the zero-input response, we have
y(0) =3y(- D +4y(-2)

y(@) =3y0)+4y(-1)
=3[3y(- ) +4y(- 2| +4y(- )
~13y(- 1) +12y(- 2)

From the homogeneous equation

ece308-10-7



y(0)=C, +C,
y)=-C, +4C,
So, that
C,+C, =3y(- D) +4y(- 2)
- C,+4C, =13y(- 1) +12y(- 2)

The coefficients are obtained as
1 4
C=-Zvy-D+—vy(-2
) 5y( ) c y(-2)

C—Ewn+—wa

Then, The zero-input response is obtained

yﬁm=§%Wﬂ (2)H<1>+8 y(- 1+

( 2)H4
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The Particular solution:

The particular solution is depends on the form of the input
x(n).

Input Signal x(n) Particular Solution y (n)

A (constant) K

AM" KM "

An" Kon" +Kn" 4+ K,
A'n" A”(KonM +K,n""+ .+ K, )
1 Acosw,nij K, cosw,n + K, sinw,n

} As nwong

Example:

y(n) +ay(n- 1) =x(n), |a|<1, the input x(n) =u(n)
The particular solution is in the following form

Y, (n) = Ku(n)
where K is scale factor.

Ku(n)+aKu(n- 1) =u(n) > K+aK =1, forany n3 1
Hence,

1
1+a

K=
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and the particular solution is
1

y,(n) _Eum)
Example: Find the y (n) for

_5 1 _ on
y(n)—gy(n- D- gy(n- 2)+x(n), x(n)=2,n30
The particular solution form
Y,(n)=K2", n30 -y, (n)=K2"u(n)

n — 5 n-1 l n-2 n

K2 u(n)—gKZ uin-1- gK2 un- 2)+2"u(n)

Evaluate the equation for n3 2

AK=22K -1k+a > k=2
6 6 5

Therefore, the particular solution is

yp(n):%2”, n3 0

The total solution of the difference equation
y(n) =y, (n+y,(n)

Example:

y(n)+a y(n- 1) =x(n), n3 0, the input x(n) =u(n)

The homogeneous solution is

y,(n)=Cl "=C(-a)"
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The particular solution is

yp(n)=1+a1

The total solution is

YO =y +y, (M =CCa) +

Let's find C.

For initial condition y(- 1) =0, gives us zero-state response

of the system

y(O)+ay(-) =1, ->y0)=1

From the solution y(0)=C+ ! -1 >c=_

1+4a 1+4a
Therefore,
_a w1 _1-(-a)" .
Vo) = o a) = s, 00

The condition y(- 1) * O gives us the total solution includes

zero-state and zero-input response of the system

yO) +ay(-1)=1, y0)=-ay(-)+1
1
1+4a

=1

From the solution y(0)=C+

C+

. N .
Tva ay(-D+1, >C=-ay( 1)+1+al
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e a O 1
n) =c- -D+ ((-a)" +
y(n) 8813/( ) 1+a1,'5( a) I3

= (aryp+ AT
1+a

= yzi (n) + yzs (n)
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