1 Chapter 1

1.6 Error Analysis for Iterative Methods

The Newton-Raphson method converges much faster than the secant and the false-position methods. This is due to the fact that Newton’s method converges quadratically while the secant and the false-position methods converge linearly. We will now define the order of convergence: linear, quadratic, or other. 
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then 
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converges to p of order (, with asymtotic error constant M. If ( = 1, the sequence is linearly convergent. If ( = 2, the sequence is quadratically convergent. In simplified words, if a root-finding method produce an estimated error (magnitude) at iteration n+1, En+1, that is related to an estimated error at iteration n, En, by the relation
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then the method has a convergence of order(. For a first order method En+1 
[image: image9.wmf]£

 M(En), for a second order method En+1 
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 M(En)2. The bold letter is used to distinguish the first from the second order method. We can compare the speed of convergence of the two methods if we assume E0 = E0 and M = 0.5 for both cases. 

For linear convergence
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For quadratic convergence
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Starting with the same error E0 = E0 = 1, the maximum errors at n iterations for linear and quadratic convergences are listed in Table 1.5. The error for quadratic convergence error is about 5.8(10-39 by the seventh iteration. We can estimate the number of iterations required for linear convergence to achieve the same accuracy. 



0.5n = 5.8775(10-39
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Table 1.5 Relative speed of convergence for first and second order methods.

	n
	Linear convergence

0.5n
	Quadratic convergence

0.52n-1

	1

.

4

.

7
	0.5

.

6.25(10-2
.

7.8125(10-3
	0.5

.

3.0518(10-5
.

5.8775(10-39



Since En 
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 0.52n-1E02n, the error for quadratic convergence will decrease even more rapidly if E0 
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 1. The Newton-Raphson method can also be obtained from the Taylor series expansion. This derivation also shows the rate of convergence of the Newton method.

The Taylor series expansion about point xn is given with only the first derivative term as


f(xn+1) ( f(xn) + f’(xn)(xn+1 ( xn)
(1.6-3)

The above expression can be solved for xn+1 to obtain Newton-Raphson formula when f(xn+1) is equal to zero at the x axis.


0 = f(xn) +  f’(xn)(xn+1 ( xn)
(1.6-4)



xn+1 = xn ( 
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Taylor series expansion about point xn to obtain the true value of the root xr is given as


f(xr) = 0 = f(xn) + f’(xn)(xr( xn) + 
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(1.6-5)

Equation (1.6-4) can be subtracted from Eq. (1.6-5) to give


0 = f’(xn)(xr( xn+1) + 
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(1.6-6)

Since En = (xr( xn), En+1 = (xr( xn+1)


0 = f’(xn) En+1  + 
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The error at iteration n+1 is then


En+1 = ( 
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The error is approximately proportional to the square of the previous error, therefore Newton-Raphson method is quadratically convergent.
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