Supplimentary Notes III for Rotational Dynamics

So far we have only considered the motion of ”point” objects. We have not allowed
the objects to rotate, nor have we considered how forces might produce a ”twisting
force”. In this last section, the last 2 1/2 weeks of the quarter, we will investigate
the laws of physics pertaining to rotational motion. As we shall see, we can extend
Newton’s laws for translational motion to include rotation, without introducing any
new "laws of physics”.

We will first study the condition for objects not to rotate, then analyze rotations
about a fixed axis. Finally, we will extend our ideas to cases in which the axis of
rotation can move, while keeping its direction constant.

Torque: twisting force

We all have experience tightening a bolt. If we want it tight, we use a wrench. To
apply a large amount of ”twisting force”, we hold the wrench as far as we can from
the bolt and push with a force perpendicular to the wrench arm. The name we call
"twisting force” is torque. In order to determine the amount of torque, we need to
specify three things:

1) The axis of rotation. In the case of the bolt, this is where the bolt is.

2) The force that is doing the twisting. (The force, direction and magnitude, that
you apply to the wrench).

3) The position of the force. (How far from the bolt that you apply the force.)

When we speak of torque, we usually say ”the torque about the axis (or point) O due
to the force F' applied at the point P.”

All three things matter in determining the torque. We know from experience that
a larger force produces a larger torque, and the further away from the axis that the
force is applied, the larger the torque, but what is the correct mathematical formula
for torque? We will show in class that:

torque = |7] times the component of the force perpendicular to 7

where 7 is the vector from the axis to the point where the force is applied. The
component of the force perpendicular to 7’ is the component of the force that does the
twisting. The component of the force, F', that is parallel to 7 just pushes on the bolt.



This component doesn’t cause any twisting about the axis. The symbol for torque
used in most physics texts is 7:

7] = [F1FL (1)

If we let 6 be the angle between the vector 7 and the vector F , the torque equation
can be written as:

7] = [71| Flsin(9) (2)

Remember, the vector 7 goes from the axis of rotation to the point at which the force
is applied.

Is torque a vector, a scalar, or something else? Torque certainly has a magnitude,
which is the amount of twisting force. We can also associate a direction with torque:
The axis of rotation of the twist. The axis of rotation is in the direction perpendicular
to both the force F and the position vector . Thus, we can assign a vector to
a particular torque: The magnitude of the vector is the amount of twisting force,
7| F|sin(f); and the direction is the direction perpendicular to the plane containing
7 and F. There is one more decision to make: which direction along the axis of the
torque corresponds to a clockwise twist, and which direction to a counter-clockwise
twist? Since sin(—60) = —sin(#), the vector for clockwise twist will be in the opposite
direction to the one for counter-clockwise twist. The convention that is agreed upon
around the world is the following: the direction of the torque vector is the direction
that the bolt would move (for normal "right-handed” bolts). Using your right hand,
if your fingers curl in the direction of the twist, your thumb points in the direction of
the torque.

We will show that torques add according to the rules of vector addition, so it
is a true vector. In mathematics, there is an operation between vectors that yields
a_{lother vector. It is the cross product and we can write the torque vector as 7 cross

F:

F=7FxF (3)
Let’s summarize some of the properties of the cross product.
Vector Cross Product

The cross product of vector A and B is a vector. The magnitude of Ax B equals
the magnitude of A, |A| times the magnitude of B, |B|, times the sin of the angle
between them:






A x B| = | 4]| Blsin(6) (4)

where the angle 6 is the angle between vector A and vector B. The angle goes from
A to the vector B. The direction of A x B is determined by the "right hand” rule
described above. Note that since sin(—0) = —sin(6),

BxA=—-AxB (5)

Note that the cross product is maximized when Alis perpendicular to B , and zero
when 6 is zero or 180°. The unit vectors have simple cross product properties:
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We can express A and B in terms of the unit vectors: A = A,i + ij + A,k and

B = B,i+ Byj' + B.k. If we use the above forumlas for the cross products of the unit
vectors, after "foil”ing we have:

AxB = (A,B.—A.B))i+ (A.B, — A,B.)j

+(A, B, — AyB,)k
This formula can be succinctly written in terms of the determinant of a matrix:
o . J k
AxB=|A, A, A (6)
B, B, B,

We have covered all the vector operations that we will need for our first year
physics series. Let’s summarize them:

Vector Addition: When two vectors are added, the result is another vector. Vector
addition is commutative, A + B = B + A. The "tail-to-tip” method satisfies the



commutative property. In terms of components, (A + B), = A, + B,, (A + é)y =
A, + By, and (A+ B), = A, + B,. If physical quantites are vectors, addition of
vectors is used to find the NET sum of the quantites (e.g. the net force).

Multiplication of a scalar and a Vector: Multiplication of a vector by a scalar ¢ changes
the magnitude of the vector by the factor |c|. If ¢ > 0, then the direction remains the
same, but if ¢ < 0 the direction is reversed. Multiplication by a scalar enables one to
define unit vectors, whose linear combinations span the vector space.

Scalar product of two vectors: The scalar product of one vector with another vector
yields a scalar. Since two vectors are involved, the scalar product must depend on
the magnitudes of each vector and the relative direction of one to the other. If 4 is
the angle between the vectors, the scalar product could depend on either sin(f) or
cos(). Since the scalar product should be commutative, cos(f) is the only choice
since cos(—0) = cos(#). Thus in order to be commutative, the scalar product must
be A- B = |A||B|cos(f). In terms of components, A- B = A, B, + AyB,+ A.B,. In
physics, the scalar product represents the component of one vector in the direction
of another (times its magnitude). It allowed us to express the work done by a force
in acting in a certain direction easily (F - A7).

Vector product of two vectors: The vector product of one vector with another yields a
vector. Since two vectors are involved here also, the vector product must depend on
the magnitudes of each vector and the relative direction of one to the other. Since the
result must be a vector, there is only one special direction: the direction perpendicular
to A and B. Should sin(6) or cos() be used? Theta equal to zero helps us determine
the proper choice. If Ais parallel to B then there is no special direction, so the vector
product must be zero in this case. The trig function that is zero for § = 0 is sin(6).
Thus, the only way to define a vector product of two vectors is to use the sin function
as described above.

These vector operations will be very important in describing the electro- magnetic
interaction. This is because the magnetic part of the interaction depends on the
velocity of the particles. With so many vectors involved, F , 7, and v, the scalar and
vector products are important. It will also be necessary to consider derivatives of
vectors, i.e. vector calculus. Here we will consider rotational motion, and we will see
the usefulness of the vector product.

Statics



In the first part of the course, we showed that in order for an object to stay at
rest, the vector sum of the forces on the object must be zero. This is all one needs
if the object is a point particle. However, if the object has size, the location of the
forces on the object is important. Eventhough the sum of the forces is zero, the object
might rotate about its center-of-mass. In order for the object to stay stationary and
not rotate, the sum of the torques must be zero about any axis. These are the two
conditions for an object to remain ”static”, i.e. not translate and not rotate:

SA =0
S =0

where the torque sum can be taken about any axis.

In class we will do many examples of many objects in static equilibrium. In
evaluating the torque sum, a proper choice of axis can reduce the mathematical
complexity.

You might wonder why the twisting force equals the product of force times distance
from the axis. Consider a simple rigid object consisting of two masses connected by
a massless rod on the earth. Suppose we consider balancing the object about a point
on the massless rod. Let the object to the right have a mass m; and be at a distance
x1 from the axis, and let the object to the left have a mass of ms and be at a distance
of x9 from the axis. If the axis is the balance point then the rod will rotate with
constant angular speed if slightly pushed. To see how the speed might change, we
can use the work-energy theorum. Let 6 be the angle that the rod rotates. Then m;
moves a distance x16, and ms moves a distance x20. The work done by gravity on
the mass m is mygx10, and the work done by gravity on the mass mqy is —mogxs6.
Both objects sweep out the same angle 6. If the rod is to rotate with constant speed,
then the Net Work done by gravity must be zero:

mygr160 — mogasf =0 (7)

This equations yields migx; = mogrs. Force times distance on one side equals force
times distance on the other when the rod is balanced. We also verified this condition
for balance in class. If miz; were to be greater then moxs then gravity would do
more positive work on m; then negative work on msy because the distance traveled
by m; would be greater than ms/m; times x5. There would be net work done by
gravity and the rod’s "angular” speed would increase. We will derive this result more
generally using the vector cross product later.



Rotational Dynamics
We will first discuss the dynamics of rotational motion about a fixed axis, then
treat the case when the axis of rotation can translate.

Rotation of a Rigid Object about a fixed axis

What is meant by a rigid object (or rigid body) is an object for which the sepa-
ration between all pairs of points remains constant. When we talk about an object
in this section, we mean rigid object. Let’s first discuss how we are going to describe
rotation about an axis.

Describing rotations about a fixed axis

If the axis of rotation is fixed, then the objects orientation can be specified by an
angle (with respect to a reference direction). Specifying the angle in units of degrees
is an earthly standard. The assignment of 360° for a complete rotation is probably
because the earth turns 365 times about its axis for every revolution around the sun.
One degree is approximately the angle that the earth "sweeps out” around the sun
in one day. A more universal measure of angle is the radian. The angle in radians is
determined by drawing an arc of radius r and measuring the distance of the arc, s,
that subtends the angle. The angle 6 in radians is defined as § = s/r. This definition
is gives the same value for 6 for any radius value r. This is really a universal definition
which could be agreed upon by people living on any planet.

You might be wondering what kind of quantity angular displacement is. Is it a
scalar or a vector, or something else? Angular displacement has a magnitude, but
is there a direction associated with the displacement? There is an axis of rotation
and a distinction can be made versus clockwise and counter-clockwise displacements.
Thus, a direction and magnitude can be associated with an angular displacement:
the direction is along the axis of rotation, with the right-hand rule defining positive
displacements; the magnitude equals the amount of angular displacement. Although
angular displacements have a magnitude and a direction, angular displacements do
not add according to the laws of vector addition. Try it by rotating a book with
the following example: (7/2)i + (7/2)j does not equal (7/2)j + (7/2)i. Actually,
(7/2)i + (7/2)] = (—7/2)k + (7/2)i. Rotations are not vectors, they form what
mathematicians call a group.

An objects motion about a fixed axis is one of spinning. We can quantify how
fast an object is spinning by how fast the angle # is changing in time. We refer to



the spinning speed as the angular velocity, and give it the symbol w (omega). The
magnitude of the instaneous anglular velocity is the magnitude of the instaneous time
rate of change of 6:

de
wl =1 (8)

Is the angular velocity a scalar or a vector? As with displacement it has a mag-
nitude and a direction. The direction is the axis of rotation, with clockwise and
counter-clockwise determined by the right-hand rule. Curl the fingers of your right
hand in the direction of the rotation, and your thumb points in the direction or .
As with angular displacement, angular velocities do not add like vectors. However it
is still useful to associate a vector with angular velocity. The usefulness arises when
one wants to relate the velocity of a particle rotating about an axis.

Consider an object rotating about an axis with angular velocity |J|. Let the origin
of your coordinate system be located on the axis of rotation. That is, the vector &
goes through the origin. Define the vector 7 as the position vector to the object that
is rotating. The speed of the object is || times the perpendicular distance of the
object to &: |U] = |J||7sin(0), where 6 is the angle between & and 7. The direction of
the particles velocity is perpendicular to both 7 and the vector . Thus, the velocity
v of a particle at a position 7 can be written as

T=wXT 9)
This is a succinct way of expressing the velocity of an object that is rotating, and
will be useful in deriving the equations of rotational motion.

Objects don’t always rotate with a constant angular velocity. As was done for
the case of translational motion, acceleration is defined as the change in velocity. For
the case of rotation, we can define the angular acceleration as the change in angular
velocity.

dw
=|— 1
o] =% (10)

In this class we will only consider situations in which the axis of rotation does not
change direction. Thus, a will be in the same direction as w.

For the special case of constant angular acceleration the relationship between
the angular velocity w and angular displacement # is simple. Since 6, w, and « have
the same mathematical relationship to each other as x, v, and a for one dimensional
motion, the formulas for constant angular acceleration are the same as those for
constant acceleration:



a =
w = apt+ wy
«
= ?OtQ + th + 00
where wy is the initial angular velocity, and 6, is the initial angular displacement.
The angular acceleration is «g, which is constant. From the middle equation, ¢ =
(w — wp) /. This expression for ¢ can be substituted into the last equation to give:

w? = Wi+ 2a(6 — 6p) (11)

Remember, the above equations are only valid for the special case of constant angular
acceleration.

Energy of Rotation for a Rigid Object about a fixed axis

When we analyzed translational motion, we started first with the relationship be-
tween acceleration, force and mass. Then we discussed the work-energy theorum and
kinetic energy. For rotational motion, it is easier to first discuss energy considerations,
then how torque changes angular velocity.

Let’s consider the energy of motion (rotational kinetic energy) of a rigid object
rotating about a fixed axis. We first start with the simple case of a rigid object
consisting of two objects of mass m; and msy connected by a massless rod. Let the
axis of rotation be on the axis, and mass m; be located a distance of r; from the axis
and mass my be located a distance of . If the rod is rotating about its axis with an
angular velocity w, the speed v; of each object is v; = r;w. The energy of motion of
the rigid object is

my o ma o

= %(wrl)z + %(wrg)Z
o - Mot

A nice property of rotational motion about a fixed axis is that the angular velocity w
is the same for both objects. This allows a factorization of the kinematical quantity
(w) from the inertial quantity m;rf+mqr3. As we shall see, the combination of masses
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times distance squared always appears as an inertia to changes in rotational motion.
It is a special combination, and deserves a special name, rotational inertial, and is
given the symbol [4:

Iy = myrs + maors (12)

where A denotes the axis about which the rigid object is rotating. The rotational
inertial depends not only on the amount of mass that is rotating, but also on the
location of the masses (i.e. the distance the masses are from the axis of rotation).
When dealing with rotational inertial, remember to always specify the axis about
which the inertial is determined.

The expression for rotational inertial can be generalized to any number of point
particles that are "rigidly” connected. If N point objects are connected so that their
relative distances do not change, the rotational inertial about the axis A is

2 2 2
Ia = myr{ +mar; +msry + ...
N
- St
i=1

This expression can also be extended to a solid object. To do this, we divide the
solid object up into N small pieces. We can denote m; as the mass of piece i, and r;
as the distance to the axis of rotation. Note: the distance r; is the shortest distance
from m; to the axis (i.e. the perpendicular distance). The mass m; can be written as
pAV;. If we take the limit as N — oo and AV; — 0, the sum becomes an integral:

Iy= / pr2dV (13)

In lecture we will calculate I4 for a thin rod of length L and mass M for axis of
rotation A about an end of the rod and about the middle of the rod. We will also
calculate 4 for a uniform cylinder for rotations about the center.

The kinetic energy of rotation (rotational kinetic energy) for any rigid object
rotating about the fized axis A is

I
K.E.(of rotation) = ?Awi (14)

where [, is the rotational inertia about the axis A, and w4 is the angular velocity
about the axis A.

11



Dynamics of a rigid object about a fixed axis

Many engineering applications involve rigid objects rotating about fixed axes. For
this reason we discuss briefly this special situation. The simplest case is one particle
of mass m attached by massless rod to an axis point A. Let the position vector from
the axis to the particle be 7. The particle is confined to rotate a distance r = |7
away from the point A. Suppose the particle is subject to the net force ﬁnet at a
particular time. What kind of motion will happen? Only the component of the force
Fret perpendicular to 7 will cause any change in the particles speed. The component
perpendicular to 7 is |Fie|sin(f) where 0 is the angle between 7 and Fp.,. This
component of the force will cause an acceleration equal to |ﬁnet|sm(€) /m along the
path of the rotating particle.

| Froer| sin(0) = m)d| (15)
If we multiply both sides by r, we have

7| Fre| sin(0) = mr|d| (16)

Since the particle is always the same distance from A, the particle’s acceleration is
along the circle confining the particle. Thus, the acceleration can be specified by the
angular acceleration about the axis point A, |d| = |a|r

| Foelsin(@) = mr?=

The left side of the equation is recognized as the torque about the axis A. Since &
will point along the same direction as 7" X Fj,.,

FX Fop = mridy

Tnet = IAO(A

where the subscript A refers to the axis A: I and @ are measured about the axis A.
From this derivation, one can see that the end result is just Newton’s second law for
translational motion applied to the motion in a circle that a particle must move if
connected by a rigid (massless) rod to an axis point. As we will show, this expression
also applies in general to a solid rigid object rotating about a fixed axis.

12



Consider a rigid object confined to rotate about a fixed axis A. Suppose a force
F is applied at a position 7 from the axis. Let Af be the (small) angle the object
turns while the force is applied. The work done on the system W by the force is the
component of the force perpendicular to 7 times rAf, which is the distance the force
acts:

W = Fy(A6r) (17)

where F'| is the component of F perpendicular to 7. This can also be written as

W = |Fx F|Af (18)

The torque times the angular displacement is the work that the torque does. If this is
the only torque that does work on the system, then it is equal to a change in kinetic
energy (work-energy theorum):

Torque times angular displacement equals change in K.E.

Letting A(K.E.) denote the change in kinetic energy, we have

A0 = A(K.E.)

Iz
= A(?wi)

If the torque occurs over a small time interval At, the equation becomes

AG A(f2w?)

= _ 19
AL At (19)
Taking the limit as At goes to zero results in derivatives with respect to t¢:
df 1, dw?
A 20
it T 2 at (20
or
dw
= [qw— 21
TAW AW dt ( )
canceling the w on both sides:
TA = [AOéA (22)
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Thus, for a rigid object confined to rotate about a fixed axis, the net torque
about the axis equals the rotational inertial times the angular acceleration
about the axis. To generalize to situations where the axis of rotation is not fixed
and where the rotational inertial can change, it is useful to introduce a new quantity:
angular momentum.

Rotational Dynamics if the axis of rotation is moving
Kinetic Energy for objects rotating and translating

Before we discuss how torques affect rotational motion, it is instuctive to consider
the energy of motion for objects that are rotating and translating (moving). The
complicated situation of rotation while the object is moving is made simple by ex-
pressing ’'translation of’ and 'rotation about’ the center-of-mass of the object. The
expression for the total energy of motion is

Moa ]c.m.
Total K.E. = —2y?2 4 —em 2 (23)

2 c.m. 2 c.m.

Let’s derive this equation to understand why the center-of-mass plays such an
important role. Consider a system of particles, or a rigid object, that is subject to
certain forces. We will analyze the system of particles in an inertial reference (lab
frame) in which the center of mass (c.m.) of the system is moving. The velocity of
the c.m. for N particles is given by

where M, = ZiNzl m; is the total mass of the system. Let u; be the velocity of object
1 with respect to the center-of-mass reference frame. That is:

—
—

Uy = Ve, +4; (25)

where ; is the velocity of particle i as measured in the inertial reference frame (lab
frame), and V,,,. is the velocity of the c.m. Note that in the c.m. frame:

N
> mit; =0 (26)
i=1

The center of mass frame is also called the center of momentum frame, since the total
momentum of the system is zero in the c.m. frame.

14



The total kinetic energy is:

N
Total K.E. = Z

Il
=1
YRR

Substituting the expression for v; above gives

N L .
Total K.E. = Y %(Vm_ 4 @0y) - (Vi + i13)
i=1
N .
= Y SV2 4 W T+ )
=1

In the center of mass frame, the middle term sums to zero:

since in the c.m. frame > m;u; = 0. Thus, the total K.E. separates into two parts:

N

Total K.E. = Z%(vjm + )
=1
Mtotal

2 1 al 2
— v - 2

The second term in the expression is the kinetic energy as measured in the c.m. frame.
For the case of a rigid object, @; = & x 7;. The magnitude of u; squared is (& x 75)?,
which after summing over all particles (and some algebra) gives (3 m;r?)w?,, . For a
rigid object, the above expression becomes

M, I
total V2 + c.m. w2 (27>

Total K.E. =
ola 2 c.m. 2 c.m.

15



Thus, the total energy of motion equals the translational kinetic energy
of the center of mass plus the rotational kinetic energy about the center of
mass. The key for the separation of the translational energy of the system from the
rotational energy about an axis was to find a reference frame in which Y m;u; = 0.
This is the definition of the center-of-mass (or momentum) frame. A complicated
expression is made simple when viewed from the right perspective.

We would like to generalize the result for rigid object rotating about a fixed axis
to the case of an axis of rotation that is not fixed as well as the case when I can
change. We will consider a system made up of N particles. If the system is a rigid
body, then the distances between the particles is fixed and N approaches infinity as
the particle size goes to zero. Let r; be the position vector, v; be the velocity, and
m; be the mass of particle 7. Note that 7; and v; both depend on time. The key to a
succinct formalism is the following vector identity which applied to every particle:

d(rxp)  di dp’

7 (E X p) + (7" x a) (28)

where p’ is the momentum of the particle. For a single particle, the momentum is
P = mu. So, the first term on the right hand side is

dFXﬁ_ 7 x (md)

o <P = Ux(my
= m(U x 7)
= 0

Thus, we have

A(7: X T 5

(Tz X pz) _ /r__; % @

dt dt

for each particle 7. This is a wonderful vector equation. Now we can put in the

physics: Fi e = (dp;)/(dt), where F;_, is the net force on particle i. Substituting
gives:

(29)

d(r; x p;)
dt

The expression on the right side is recognized as the net torque on particle ¢ about
the origin, 7;_ e

- 7:;, X F_ii—net (30)
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d(Tld;( pl) = Ti—net (31)
Thus, the torque on a particle changes the quantity 7 x p. What is ¥ x p? It’s mag-
nitude is |7]|p]sind, where 6 is the angle between 7 and p. |p]sin(f) is the component
of momentum perpendicular to 7. It is in essence the "rotational” momentum of the
particle about the origin. The name given to 7 X p’is the angular momentum of
the particle about the origin. Note that the particle does not have to be rotating to
have angular momentum. A particle moving in a straight line can have an angular
momentum about a point (or origin).

Angular Momentum

99299
1

The symbol for angular momentum is usually L. For particle ”i”, Li =T X i
Note that the angular momentum of a particle will depend on the frame of reference,
since the position vector 7 is measured from the origin of a particular reference frame.
For a single particle, the above equation says that the time rate of change of a particles
angular momentum equals the net torque on the particle.

-

dL;
dt = Ti—net (32>

where the angular momentum and the torque are evaluated about the same axis.
Note, that if the net torque on a particle equals zero, then the angular momentum of
the particle about the axis is a constant of the motion. Forces that do not produce a
torque are forces that lie along the direction 7.

For a collection of particles, we can define the total angular momentum of the
system as the vector sum of the angular momentum of the particles:

N
Lo = Z s X Di (33)
i=1
Since 7 and p’ are true vectors, the angular momentum L and f/z will also have the
properties of a vector. Note that Lo will depend on the choice of origin.
Rotational dynamics is most easily handled by considering the time rate of change
of the total angular momentum:

dEtot d(Fz X ﬁz)

dt —

17



N -
Z dl 7, Al dp;
= dt dt

The first term on the right side equals zero as before:

dr; L
Expz = VUi X Dj
= 0

since U; X U; equals zero. Thus, we have the same result for a system of particles as
we did with one particle:

stot _ if % dﬁ;
dt — ' dt
N
= Zf; X F_;—net

.
—_

s

et

The time rate of change of the total angular momentum of a system of particles equals
the net torque on the system. Note that this equation is valid for any axis point about
which the torque and angular momentum are calculated (or measured).

For a system of particles, the above equation can be somewhat simplified. One
can separate the force on each particle into a part that comes from other particles in
the system or internal forces, ﬁi—int; and another part originating from sources outside
the system or external forces, F;_ext:

F:ifnet = F:ifint + F:ifext (34>

The internal forces are forces between the particles in the system. Newton’s third
law states that F}j = —F’]Z If these action-reaction forces act along the line joining
particle ¢ and 7, then the sum of the torques due to the internal forces will add to
zero. Thus, the net torque on the system, 7,.;, will equal the sum of the torques due
to external forces, or net external torque, Ter—ext:

L
# = Tnet—ext (35>

18



This equation has an important consequence for a system of particles. If the net
torque on a system is zero, then the total angular momentum is conserved!
We can add another conserved quantity to our list: total momentum of a system, to-
tal angular momentum of a system, mechanical energy for conservative forces. The
symmetry responsible for the conservation of angular momentum is rotational sym-
metry. Angular momentum and its conservation play a very important role in our
understanding of atomic, nuclear and particle physics.

The above equation is quite general. In this class we will consider two special
cases: 1) rotation of a rigid body about a fixed axis, and 2) the case where the
angular momentum vector does not change direction (although the axis of rotation
can translate). These cases are important in engineering applications.

Angular momentum of a rigid object about a fized axis

The expression for the angular momentum of a rigid object rotating about a fixed
axis takes on a simple form. Consider a flat rigid object that is confined to rotate
about an axis perpendicular to its surface. Divide the object up into N small pieces.
Let the mass of piece i be m;, and let the mass be located a distance 7; from the axis.
Let the angular velocity about the axis be w. The speed of each piece is w|r;|, and
the direction of the velocity is perpendicular to ;. The angular momentum will lie
along the direction of & with magnitude:

. N
|L| = Z rim;v;
i=1
N
= Z rim;wr;
i=1
N
= - mp)w
i=1

L] = Iw

where the direction of [ is in the same direction as &, and all quantities are calculated
about the same axis, A. Written more precisely:

La= 14824 (36)

The relationship between torque and angular momentum is
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dL 4

—

TA—net — W
didy
- 5,4

ATt

TA—net = Ladig

where T4_,e is the net torque about the axis A. You might remember that this is
the same result we obtained before using energy considerations: the net work done
by the torque equals the change in the rotational energy of the object.

Translation and rotation of a system of particles

The translational motion and rotational motion of a rigid object (or a system of
particles) separate if the center-of-mass is used as a reference point. The position of

—

the center of mass for a system of N particles, R, is:

N . _’,
R, = Z;Vlimmr (37)
=1 1

Letting M;,; = Zf\il m;, we can also write the center of mass position as

R., = (38)

The velocity of the center of mass, Vi is found by differentiating the expression for
R, with respect to time:

(39)

The center of mass is a special point for a system of particles, or a rigid object.
For a reference frame that moves such that the center of mass is at the origin, we have
SN mm = 0 and YN, m;v; = 0. This reference frame is called the ”center-of-mass”
frame, or ”center-of-momentum” frame. By analyzing the dynamics from this frame,
the translational motion of the center- of-mass of a system (or rigid object) separates
from the rotational motion about the center-of-mass. This can be seen as follows:

Consider a frame of reference at rest with respect to the earth. We will refer to this
frame of reference as the lab frame. Let R; and V; be the position and the velocity of
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particle ¢ as measured by the lab frame. Let 7; and ¢; be the position and VeIO(31ty of
particle ¢ as measured in the center of mass frame described above. If Rcm and ch
are the position and velocity of the center of mass of the system (or rigid object), w
have

for the position of particle ¢, and
Vi = Vo + (41)

for the velocity of particle . The angular momentum of the system of particles in
the lab reference frame is:

N
Liy = Y Ri x m;V; (42)
i=1
where m; is the mass of particle 7, and we have written the momentum as mass times
velocity, m;V;. If we express these variables in terms of the position and velocity as
measured in the center of mass frame, we have

N
Llab - Z(Rcm + Fz) X mz(‘/cm + Uz) (43)

=1

After expanding the product on the right side of the equation, we have four terms:

N

Elab = Z(écm X mz‘Zm)

i=1

i=1
N

However, the middle two terms are zero due to the properties of the center of mass
reference frame. This can be seen as follows. The second term is
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N
Z(Rcm X mzﬁz) = Ecm X Zmﬂ_fz
; i=1
=0

Z(FZ X mz‘/cm) = Zmzrz _)cm
= O

since ZZ-]L m;T; is zero in the center of mass frame. So the angular momentum mea-
sured in the lab frame separates into two pieces:

N
Ligy = Z(Rcm X mz cm + Z Ty X mzvz
i i=1

N
= (Rcm X mtot‘/cm + Z T3 X My /Uz
=1

The first term on the right is the angular momentum as if all the mass were at the
center of mass point, and the second term is the angular momentum about the center
of mass.

The torque in the lab frame is

N—» —
ﬁab:ZR F;

. N N
= Rcm Z Z

} v
= (Rcm net Z

—

We showed that Newton’s laws of motion applied to rotations gives 7, = dl_;lab /dt.
Equating the two expressions above gives:
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(d<Rcm X mtot‘Z:m) + Zrﬁl(f% X mlﬁl))

dt
> dmtotv;:m ol Tz X mzvz)
== Rcm X + Z
=1

N —

— —» r; X mu;v

= (Rcm net +§ - Z)
=1

iv:F-xF» B g: rlxmvl)
1 7 -

=1
. dE
Tc.m.

dt
Thus, eventhough the center of mass is moving, the net torque about the
center of mass equals the time rate of change of the angular momentum

about the center of mass. This is a very nice result: analyzing the motion about
the center of mass greatly simplifies our analysis.

Summary of Rotational Dynamics

This concludes the discussion on rotational motion for our first year physics course.
The relationships that we developed on rotational dynamics were derived from New-
ton’s Laws of motion. We did not need to introduce any "new physics” the past 3
weeks. We applied the laws for translation motion to rotations. We realized that the
rotational part of the motion is the part perpendicular to the position vector, 7. If A
is a translational quantity, then |7]|A]sind is the corresponding rotational quantity.
Here A can be the force, momentum, velocity or acceleration vectors, and 6 is the
angle between 7 and A. The vector cross product is the mathematical operation that
facilates our analysis. Thus starting with Newton’s second law for particle 7 in a
system of particles:

_, dp;

Fjifnet = E (44>

we can take the vector product of both sides with 77:

dt

Ty X E—net = X
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d(7; x p;)
dt

where the second equation equals the first since o; x m;v; = 0. Thus, we are motivated
to define a ”twisting force” vector (torque) as 7 x F, and a ”rotational momentum”
vector (angular momentum) as 7 x p. With these definitions, we have:

B} dL;
Ti—net = % (45)

Summing over the N particles in a system gives:

N N g7
. dL;
Z Ti—net — Z
=1 i=1 dt
— d[_;net
Tnet = dt

From this equation, we showed how translation and rotation can be separated from
each other via the center-of-mass reference frame.
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