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The n-Dimensional Deviation Theorem and
the Magnitudes of the Defining Functions of
the n-Dimensional means

Mathematics

The linear ordering theorem for weighted means of functions relative to weight functions (Glaser, 2001)
has several interesting implications similar to those of the one-dimensional Cashwell-Everett mean.
(Cashwell-Everett, 1969). As an immediate consequence of the linear ordering theorem, we develop
in this article the n-dimensional deviation theorem and a theorem dealing with inequalities related to the
magnitudes of the defining functions of the n-dimensional means.

The n-Dimensional Deviation Theorem.

Hypothesis:
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Let f, (V1) and h, (1) be two continuous functions defined on the interval I = [a, B] such that

f1 (V1) < hy (v4) for all v, OI, where vy Ol when V; = <v;> is a vector with one component vy.

Let f, (V1) and h, (V) be two continuous functions defined on the closed region

I, = [, BIx[infy, fy,supy,hy] such that f (V) < hy (V) for all v, 01, where V, = V4,5 a vector with two
components v and vs.

In general, let ; (\r/J) and h; (\r/J) be two continuous functions defined on the closed j-dimensional region

bnff, suph,0 = 0Onff,, suph_O ' '
=0, " P K xpg, P ™ Hsuch that fj(\r/-) < h-(\r/-)for all v;0l; where v; = I, ..., vi(is a
i | L I i]=M\Vi i [ i
Uh 1 U 0 it 0

vector with j components forj=1, ..., m.
1
Let xi = Xk (vm) be n non-constant continuous function defined on the closed m-dimensional region

anff,, suph,O inff,_,, suphy,,_40 - .
I = [oB]x, Pk xg, ™t Plm !5where they have only a finite number of maxima
Ol 0 Olma -1 F
and minima. Also let |nka(vm) =Xk and SUPIX"(Vm) =X
m m

Let W (&, \'/m), for fixed k, be a weight function defined and continuous on the Cartesian product
[Xki» Xks] X I, where it is positive almost everywhere.

Let gi(§k) be a continuous, strictly increasing and positive almost everywhere function on the closed
interval [Xj, Xks]-

On the interval [x;, Xxs] define the four following functions:

Ac(xe) = me ka([im){gk[xk(\r/m)]} _1gk(2k)wk(ik,\r/m)dikdvm
By (%) = ij Xk}:m [0 (k)] 0k (W (€ Vin ) Vi
Cr(xk) = v{n Xk}:m)gk(zk)wk (Ek,\r/m)dE KAV

D (%) = me xk}im)gk[Xk(\r/m)]Wk (zk,\r/m)dzkdvm

Let ay, by, ¢k, di be the unique real numbers such that Ay(ay) = 0, B(by) = 0,
Ci(ck) = 0, Di(dy) = 0.

Conclusion: Then the following inequalities hold.
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(1) kizl(ck b )% < 3 (d ~by)’

This theorem is a simple corollary of the linear ordering theorem. It gives us inequalities relating the distances in
Euclidean n-space between the means generated by the defining functions A, B, C, and D. We next obtain an
estimate of the magnitude of the distance between the means of the defining functions B and C.

The magnitude of the Distance between the means generated by B(Xq, ..., Xy) and C(Xq, ..., Xp)-

Theorem 1. Under the same hypotheses as in the n-dimensional deviation theorem the coordinates by and ¢y of the
means generated by By(x,) and Cy(xy) respectively satisfy the following inequalities

0 < -Cy(by) < -Di(by) < [gk(Xks)-Gk(Xii)IMiIn[-By(Xki), Bk(Xks)]

a
0< Bk(Ck) < Ak(Ck) < BTKI mmln[ Ck Xki Ck(st)]

Proof: Let I, be the union of all simple open subregions of V,, such that x; ({/m) < by for all \'/m N and let Sh, be

the union of all simple open subregions of V,, such that x, ({/m) for all \'/m DSbk . Then we have
by r by r
Clbw= | J Ik (& ) Wi (E. Vim )& Vi + I g 9k €k )WEE . Vim JE Vi (1)
Vm

Iby Xk Soy Xk(Vm
Since gk(Ek)Wk (Ek,{/m) is non-negative, positive almost everywhere and continuous, we have the following
1 I
implications. If vy OJp, then &, > xk({/m) and since g is montone increasing we have gk(Ek) > gk[xk(vm)] if

{/k OSp, then & < xk({/m) and gk(Ek) < gk[xk(\'/m)]. This implies that (1) becomes

by

Cy(bk) > | J gk[xk(\r/m)]Wk(Ekv\r/m)dEdem =Dy (o) 2
Vim Xk (Vm

If Vi OJp, then xy < xk(\'/m), hence gk[xk(vm)] > gk (Xu)- If Vi OSp, then xk(\r/m) < xksgk[xk(\r/m)] < g (Xks). This

implies that (2) becomes
by by

r r

Cy (bk) > Dy (br) > g (xii) | J Wi (& Vim )dE Vi + i (Xis) | ([ Wi (€ Vin)JE AV (3)

Jbk Xk (Vm Sby Xk (V)
Now let Agy = gk(Xks) — Ok(Xki)- Since g is monotone increasing, Agy > 0. By adding and subtracting
by r
gk(xks) J’ J Wy (Ek,vm)dékdvm to the right-hand side of inequality (3) and using the fact that By(by) = 0, we
Jby Xk (Vm
obtain
by r
Ci(bk) > Dy (bx) > Agi (%) | J Wi (& Vim )dE Vi 4
ka Xk Vm)
Now, if \'/m UJp, then xk(\'/m) <by <xys and it follows that
by bys
r r
Agy (%) | g Wi (& Vim )dE dVinAg (X )Agk | { Wi (E . Vim ) Vi
Iy Xk (Vv ) Iy Xk (Vv
' 1 Xks r
Furthermore, if v, USy,, then by < xk(vm) < Xys and since Ag J’ J Wk(Ek,vm)de >0 we now find that
Spy Xk |V )
by r by r Xks r

gy (%) [ (£ Wi (& Vim )dE AV < Agy i (£ Wi (E . Vim )E AV, + i J Wic[€ Vi )E ¢dVi, and hence,

Iy Xk (Vv ) Iy Xk (Vv ) Spy Xk (Vv )
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by r
Agy | J )Wk(ak,vm)dvm < AgyBy (Xs) -

ka Xk\Vm

This implies that inequality (4) becomes

Cy (bx )Dx (bi) > gy | J Wi (& Vin )0E Vi > ~A0, By (Xis ) (5)

Jog Xk (Vm
Since gy(Xks) = gk(Xki) + Agk, inequality (3) now becomes
by
C(bi) > Dic(bi) > 9 (Xia)Bi (i) *+ Agic | W (zk,\r/m)dakdvm and since By(by) = 0 we obtain
Shy Xk &m
Cy(bk) > Dy (by ) > Agy | ([ Wi (. Vin )0 Vi (6)
Sbk Xk Vm)
Now if \'/m OSp, then Xy <by < xk(\'/m) and since W (Ek,\'/m) >0 almost everywhere and Agy > 0, we have
Agy | ([ Wi (&1, Vim )0 Vi > Agye | J Wi (E k. Vim )G dVi, -
Spy Xk |V Shy Xk (Vm
Xki
Also if \'/m UJp, then Xy < xk({/m) <by and we have Agy I J Wk(Ek,\r/m)dEdem < 0 which implies that
Jpy Xk (Vv

by r XK r

Agi | J Wi (Ek, Vim ) dE Vi > gk | g Wi (€ - Vi ) AVi
Spy Xk |V ) Vim Xk vm)

or

Agi | J Wi (&, Vin )0E Vi > Ay By (%) )

Shy Xk vm)

Inequalities (6) and (7) now imply that

C(bx) > Di(by) < AgkBx(Xki) (8)

Since Agy = gk(Xks) — Ik(Xki) inequalities (5) and (8) can be rewritten as
B’Ck(bk) Dy (by) [Qk Xks) = O (X ][Bk Xis ]H

E’Ck(bk) Dy (by) [gk Xks) ~ Ok (Xki ][ Bk(Xku]E

or simply as

-Ci(by) < -Dy(by) < [Gk(Xks) — Ik(Xki)] min {-By(Xyi), Bx(Xks)}
This proves the first part of the theorem.

To prove the second part let Je, be the union of all simple open subregions in V, such that xk(\'/m) <c, forall

{/m IZIJCk and S, the union of all simple subregions in Vi, such that xk(\'/m) >c, for all {/m OS,, we then have

Ck r
z[ zk, )&, av,, + <[ W, (€, Vo )E OV,
K Xk vm ck Xk\Vm

<J g){gk[xk(vm)]} "G (E1 )W (€1 Vi) Vi + ! 05 (V)] 0 (E1 W (€1 Vi Vi

Jo Xk (Vv Sy Xk (Vv
Therefore

Bk(ck)<J‘

m Xk

Ck

r[){gk[xk(vm)]} _19k(2k)wk(§k, e, av,

Bi(ck) < Ax(ck) 9)
Similarly, we can also show that By(cy) < Ax(ck)

< [g(xi)] ™ J gk k Ek‘ dE dv;, +[gk ks] J Cj ngk(Ek,\r/k)oE AV,
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where we add and subtract the term [gk W ] J’ r[ gk k Ek, )dEdem in order to obtain the inequality By(ck) <

ck Xk

Xk Vm

A(Ci) < [ glxia) T Cilei) - {[gk(st)]l—[gk(Xkl)]l}J I 0. (&) Ek’ )dEdem

Xk Vm)

and since c i(cy) = 0, we find By(cy) < Ax(ci) < {[ 9k(xia) I - [ 9klxus) 1™} J I g, (&) Ek’ JOE AV,

Xk Vm

This in turn leads to the inequalities By(Cy) < A(Ci) < {0k(Xki) 11 — [ 9u(Xks) ]'1}J J’ gk ¢ Ek, )dEdem

E ck Xk("m) r H
<{[ 9kxii) I - [ Glxs) 1™} E,I 0, (% WY, (£, v, )€, 0V, + J (€)W, (€ v, )E ,dV,, D and therefore,
ek Xk Vm ck Sk E
Bi(Ci) < A(Cy) E)— (10)
k(Ck) < Ar(Cy) < Xk
Egk Xk. k(st Q °
Similarly, we can also show that
Bk(Ck) < Ak(Ck) < B— |:| Ck Xk (ll)
@k Xk. kixks ° ]

Inequalities (10 and (11) imply that By(cy) < Ax(cy) < E)— Hrnln{ Ck xk ,Cie (X ]} which proves the
@k Xk. kixks [ ' ( S)

second part of the theorem.

An Example Illustrating the Theorem:

In the example illustrating the linear ordering theorem (Glaser, 2001), We had the eight integrals:
1V Xk

13 11
Ak(Xk) = _[I I Vi Ek(V1+V2)dEde2dV1—Exf 210
OV Vi
e 3. 11
Bk(xk) :IJ' I Eklﬁk(vl +V2)dEde2dvl :%Xl_m
Ovi Vi
1vk Xk
3 13
Ck(xk) :II I Ek(Vl +V2)dEde2dvl :EX% _E
OVE Vi
1Vk Xk
11 13
Dk(xk) :I L I Vk(vl +V2)dzde2dV1 = %Xl _m
ka Vi

The x, values that make these integrals zero were a, 10.41, b, 00.61, ¢, 00.64, d, 00.67 where k=1, 2. We also
had xki = 0, xks = 1 and gk( k) = k.

The inequality: 0 < Cy(cy) < - Di(dy) < [9k(Xks) — Ik(Xki)] min [-Br(Xki), Bk(Xks)] is verified, since for k = 1, 2, we have 0

< - (-0.003045) < - (-0.005988) < 0.058333.

The second inequality: 0 < By(ck) < Ax(Ck) < E)— Emln Ck xk ,Cr(Xks )| is also verified, since for
Xk. k(xks [ ' ( s)]

k=1, 2, we have Ilim L =00 |im i = o0 and therefore, we obtain: 0 < 0.004 < 0.06495 < o,
&k~ Xki gk(zk) g-0" &,

CONCLUSION:
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In this article, we have established a corollary of the linear ordering theorem, the N-dimensional deviation theorem,
followed by two fundamental inequalities governing the magnitudes of the defining functions By(xy) and Cy(xy) of
means by and cy respectively. This will be followed by two theorems dealing with the magnitudes of the distance

between the means.
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