38 Evaluate Z — . Hint: Show that

n=]
0-x0"2= Z nx" !

SOLUTION Differentiate both sides of Eq. (1) o obtain

Setting x = il, then yields

=
—_
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=

Divide this equaticn by 2 to obtain

39. Give an example of a power series that converges for x in [2, 6)
6+2
SOLUTION The power series must be cenlered at ¢ = 5 = 4, with radius of convergence R = 2. Consider the

)

L
following series:
x — 4

g
Z ”2”
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1 . n
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With a, = 1=,
n2"

r= lim —
n=»00 (1 - 1)2n+1
= 2, and the series converges absolutely for [x — 4| < 2,or2 < x <6

o0
1 _ . .
Z , which is the divergent harmonic series. For the

= - lim
2n—ocn 4 |

The radius of convergence is therefore & = »
For th dpoint 6, the s 's13c3cc>11132(6_4),1
or i< endapomntl x = . € SErie € =
P n2" t
n=

n=1

which converges by the Leibniz Test. Therefore, the

2 -4y -7
endpoint x = 2, the series becomes E % = E (-1 ,
n
=1 n=I

series converges for 2 < x < 6, as dewcd



4. Prove thattor —~1 < x < 1

=Z(——1)"):n—1—x+x2—x3+
I+ x
n=0
ol -l n 2 3 4
(- 'x x x x
( %) Z n * 2+3 4

SOLUTION To obtain the first expansion, substitute —x for x in Eg. (1)

o0 [e.=]
= =!§)(_x) :né‘}(—l) x

This expansion is valid for | — x| < l,or -l < x <« 1.
Upon integrating both sides of the above equation, we find

]n(1+x)=f e I(Z( )

fntegrating the series term-by-term then vields

n+l

In(l + x) = C+Z( 1)"

To determine the constant C, set x = 0. Then 0 = In(1 + 0) = C. Finally,
&= x
In(l + x} = Z(—l) R 3 R
n=0 n=1
41. Use Exercise 40 to prove that

1 1 Ll L,
2002.22 3.8 a4.f

13ﬁ
ng =

Use your knowledge of alternating series to find an A such that the partial sum Sy approximates In %

of at most 103, Confirm this using a caleufator to compute both Sy and In %

SOLUTION In the previous exercise we found that

n+]
In(l + x) = Z(-—l)
n=0

Setting x = % yields:

I\J|>—

| 1 1
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n=1 n=1
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o wathin ar error

Note that the series for In % is an allernating series with a, = % . The error in approximating In % by the partial surn

Su is therefore bounded by

L

3
In=—35§ S —
2 " (N + 2N+

=aN4L =

To obtain an error of at most 10~ %, we must find an & such that

l
(—NW -« 10‘-3 or (N+ 1)2N+l > 1000.

For N =6, (N + 1)2¥*1 = 7.27 = 896 < 000, butfor N = 7, (N + 1)2N+1 = 8. 28 — 2048 > 1000; hence, the

smallest value for ¥ is ¥ = 7. The corresponding approximation is

i 1 1 l 1

— + . + —_
2.28 0 3.23 4.2%  5.25 §.26

57 =

e —

Now, In 3 = 0.405465108, so

=1.385 x 1074 < 1073,

]3 A
[12 7

+ ! = 0.40580357}.
7.27



47. Find a power serics P (x) satisfying the differential cquation:

¥ —xy' +y=0 0]
with initial condition y(0) = 1, y'(0) = O. What js the radius of convergence of the power series?
o0
SOLUTION Let P(x) = anx”. Then
n=0
oo o0 B
Pl{x)= Z napx™ 0 and  PY(x) = Zn(n — Danx" Z)
n=1 n=2

Nole that P(0) = ag and P'(0) = a;; in order Lo satisfy the initial conditions P{0) = 1, P/{0) = 0, we must have
ap = 1 and ay = 0. Now,

o0 o0 o5
Plixy—xPx)+ Plx) = Z nin — l)a,,x”_2 - Z na,x” + Z{)anx"
n=1 =

o0 o0

n

(n+2)n+ l)ﬂn+2x" — Z napx" + Z anX
0 n=1 n=0

1l
e

n

oo
n
=2a; +ag+ Z [(n +2¥(n+ Day42 — Nan +an]x .

n=I

In order for this series to be equal to zero, the coefficient of x” must be equal to zero for each n; thus, 2a; + ag =0 and
(n+2)n+ Dayy2 —(n— Day =0, 0r

ay = —la and a = n-t
2 ) 0 n+4+2 = v D+ l)an-
Starting from a| = 0, we calculate
=1 0
@ = a)y = ,
T e
2
as = -——-—a3 =0;
T @
4 0
ay] = ———as =0
T me”
and, in general, all of the odd coefficients are zero. As for the even coefficients, we have ag = |, a3 = —%,
| 1
= —y) = ——
“T e T A
3 3
ag = ————4d4 = ——,
T ®) T T8
3 a 15
ag = ——— = -
T Mt T

and so on. Thus,

1 1 3 15
Pr)=1——x? - —x*— 246 =8 _ ..

2 4! 6! 8!
To determine the radius of convergence, treat this as a series in the variable x2, and observe thar
. 2k — 1
r= lim 92k +2 = lm ——Mm—— =
k—oo| agy koo (28 + 22k + 1)

Thus, the radius of convergenceis R = r ~' = oo,



