30. Prove that il Zan converges absolutely, then Za.,% also converges. Then show by giving a counterexample that
Zaf need not converge if Zan is only conditionally convergent.
SOLUTION Suppose the series Zar, converges absolutely. Because Zlanl converges, we know thal

lim jan| = 0.

H—= 00
Therefore, there exists a positive integer N such that |ay] < 1 forall # > N. It then follows that forn > N,
0 < 2 2 . ] =
_ﬂn-—|an| = |lan| - lan| < |an| = |an|.

By the Comparison Test we can (hen conclude that Za,z, also converges.
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NG is conditionally convergent. Now, Zaﬁ is the divergent harmonic series Z—.
n : n
n=1 n=]

Thus, Z a,% need not converge if Z a, is only conditionally convergent.
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Consider the series E

n=I

. This scries converges by the Leibniz Test, but the correspending positive series is a

O
divergent p-series; that is, Z
n=
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26. Znan
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SOLUTION Let by, = na,. Then
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Therefore, the series Z nay converges by the Ratio Test.
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27. Y rlay
n=l

SOLUTION Let b, = n°a,. Then

+1 1
p= lim n+‘=hm (n ) Sntll o3 2= <
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Therefcre, the series Z n?’an eonverges by the Ratio Test.
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28. Z 2™ an
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SOLUTION Le1 b, =2"a,. Then
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Therefore, the series Z 2May converges by the Ratie Test.
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29. Y 3a,
n=1
SOLUTION Let b, = 3"a,. Then
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Therefore, the Ratio Test is inconclusive for 1he series Z 3Ma,.
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30. ) 4"a,
n=1
SOLUTION Llet b, = 4%a,. Then
b g+l i 1 4
p= tim |22 = Jim Gntl) 4. 2225
n—0o n n-ro0 4N an 3 3
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- Therefore, the series Z 4" a, diverges by the Ratio Test.
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3. Y a4
n=]
SOLUTION Let b, = a2. Then
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Therefore, the series Z a,% converges by the Ratio Test.
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32. Assume that

O
converges to p = 4, Does Z a,,_1 converge (assume that a, 7 0 for all #)?

n=1

SOLUTION Let by = a; ' Then
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Therefore, the series Z a,}'l converges by the Ratio Test.
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