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46. Evaluate Z —————————— Hint: Find constants A, B, and € such that P
-~ nln + Din + 2) 4 \ A
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SOLUTION By partial fraction decomposition LA WL 4 j
[ S

! _A+ B . c -
nin+D(n+2)  n a4+l n+2 W T : _—

¢learing dencminators then gives
=4+ 1}(n+2)+Bn(n+2)+Cnin+1).

Setting n = O now yields A = %, while setting n = —1 yields B = —1 and setting n = =2 yields C = % Thus,

I _i_ 1 ;12! )
nin+ND-+2) n nan+) n+2 2\n a4+l n+2/’

and

> ! = 1(1 2 1 )
—=Z- + .
an+ 1n+12) o 2\n n+1 n+2

n=1 1

The general term of the sequence of partial sums for the series on the right-hand side is

o L 2+1+1 12 1y, L2 ] 1+2+1+1 l_3+l)
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Thus,
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47. Show that if a is a positive integer, then
ad 1 ] 1 1
Yoo —— =4+ -
n{n -+ a) a 2 a
n=1
SOLUTION By partial fraction decomposition

1 A B
nn+4a) n n+ta
clearing the denominalors gives

1=An+a)+ Bn.

Setting 7 = 0 then yields A = %, while setting n = —a yields B = —é. Thus,

T e 1
nin+a) n n+a al\n n+a)’

and

For N > a, the Nih partial sum is

| I NI/ 1 1 ]
Sw——|l+totog. oy -2 4 )
N a(+2+3+ +a) a(N+1+N+2+N+3 +N+a)

Thus,

i = lim § —l 1+1+£ !

el N—»oo a
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45, Show that Z(ln n)f2 diverges. Hint: Show that for x sufficiently Jarge, Jnx < £1/2,

= =
SOLUTION Using L'Hopital’s Rule, (

172 .-
X X
lim = lim £ = Jim —x]/z—-oo;
x—2o0 Inx  x—oo L 1500 2
X
thus, there exists an integer & such that
1/2
nl
>1 or n? 5 1nn
Inn
forall n > . Hence,
1 i d 1 1
— > and ——— > ~
Inn = xl/2 (o2~ n

o0
forall n > N.The harmonic series diverges. so the serjes g — atso diverges. By the Comparison Test we can therefore
n

=N
[} " o
conclude that the series Z (Inm)? diverges. It follows thal the series Z (In n)-2 also diverges.
n=HN n=17
=1
46. For which a does ———— converge?
f “ Z n(lnn)? verg
n=2
SOLUTION First consider the case @ > O buta # 1. Lel fi{x) = -(—]—)ﬁ This function is conlinuous, positive and
x(lnx
decreasing for x > 2, so the Integral Test applies. Now,
oo dx ) R gy . R gy 1 . 1 1
= Jim — = lim — = lim - .
2 x(Inx)2  Roeods x(Inx)?  Roocofipy u? | —a Rooo \(InR)2™!  (In2)a-!
Because
. 1 oo, O<a<l
lim ——— =
R—oo (In R3] 0, ax1

we conclude the integral diverges when 0 < a < 1 and converges when a > 1. Therefore

oo
1
Z ——— converges for @ > 1 and diverges for0 < a < 1.
rn(lnn)

n=2

= 1
Next, consider the case @ = 1. The series becomes Z ——. Let f(x) = . For x = 2, thjs function is continuous,

— nlnn xlnx

positive and decreasing, so the Integral Test applies. Using the substitution ¥ = Inx, du = % dx, we find

0 dy ) R dx . & 4y .
= lim = lim — = lm (n{ln R) — In(ln2)} = co.
73 xlnx R—ooo )y xlnx R—oojipy W R—oo

The integral diverges; hence, the series also diverges.

Finally, consider the case @ « 0. Let b = —a > O so the serics becomes Z (nn) -Sincelnn = [ foralln > 3 it
follows that "= -
b
(Inm)® > 1 (nm” L
n n
o0
The series Zl diverges, so by the Comparison Test wc can conclud -~ (nn)? i
2z nclude that Z p also diverges. Consequently,
~ b n=3
{nny”
Z diverges. Thus,
n=2 n
s 1
———— diverges for 0.
n; n(lnpy? O EESS fora <

To summarize;

o

1
Ez nin pya COMVerEes Wa > land diverges if a < 1.
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47. For which a does Z converge?
n=2

n?Inn
SOLUTION First consider the case ¢ > 1. Forn > 3, Inn > 1 and

1 1

— < .
n%lnn n?

o0 28}
. [ . . . 1 .
The senes E —; 18 a p-series with p = a > |, s0 it converges; hence, E — also converges. By the Cormparison Test
n n
n=1 n=3

also converges.
n%lnn

o0
we can therefore conclude that the series Z
= n?inn

o
converges, which implies the series Z
n=2
Fora < I,n? <nso
1 1
>

n?lnn 7 nlon

1
forn = 2. Let f(x) = prt For x » 2, this funclion is continuous, positive and decreasing, so the Integral Test applies.
xlax

Using the substitution « = Inx, du = L dx, we find

00 4 R ] In R d
f = lm j 9 fim / Y = Iim (nQnR) - n(n2)) = co.
2 R—00J) |

xlnx xlix ~ R—oo n? U R—00
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The integral diverges: hence, the series E
n=1

I atso diverges. By the Comparison Test we can therefore conclude that
nion

oo 1 ?
the series diverges. -
nZ—Z n?lInn &

To summarize,
N
Z ——— converges fora > 1 and diverges fora < 1.
n?inn



