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" 175. Prove that the following sequence is bounded and increasing. Then find its limit:

a]=J§. 02:\"54-\/5, 63:\,154-\/5-1-\/5_,...

SOLUTION Notice that this sequence is defined recursively by the formula:

apy] =53 +an.

First, lel’s show that the sequence is bounded. All the terms in the sequence are positive, so 0 is a lower bound. Now,
a) = V5 <3 fwe suppose that a, < 3 for some #, it then follows that

Apy| =+/5+ap <5+ :\/§I< \/—=3.

Thus, by mathematical inducrion, a; < 3 for all a, and 3 is an upper bound. Next, let’s show that the sequence is

increasing. Observe that a; = +/3 & 2,236 and a5 = V5 + /5 = 2.690. Thus, a; > ay. If we suppose that a, > a, |
for some n, it Lhen follows that

Ipyl = \/5+a-’? > \/5+an-—l = dy;

hence, by mathematical induction, 41 > ay forall n,

Now, since {a,]} is increasing with upper bound, this sequence s conver
68, lim = 5

P dny1 = L as well. It follows that

o net = My, 5o = [l G e = 54 T o < 5T

gent. Let nimm an = L. Then, by Exercise

That is,
L*=5 + L
L2—L—5=0=> le:w_
' 2
Since a, > 0 for all n, the appropriate solution is:
i I+ 21
m gy, = —————
n—oQ 2

77. Find the limit of the sequence

1

1 1
cn = + +o b —
" N YIS N ) vnl+n

Hint: Show that

n n
< =
Vn? 4n ! N

. . . . 1
SQOLUTION Since each of the n terms in the sum defining ¢y, is not smaller than and not larger than we
& cn Vnltn & NLTES

obtain the following inequalities:

i 1 1 n

‘= 112+n+”.+\/n2+ngn‘\/n2+rz-_a./n2+rz’
n [ernms
o < 1 R 1 . 1 _ n .
T V241 n? 41 n? 1 Vet+l
n terms
Thus,
n n



We now compute the limits of the two sequences:

T
= 1 l
lim = = )im = lim ———— =1
n— 0o ,’ n%oo niyl n—=o0 /a2 n—lbnclxb ]+l
n Tz n?
n
n = 1 1
lim — = lim —Z— = lim =1
n—oo f.2 4, 00 \/n2in nin n—0oo 1+ 1
n

By the Squeeze Theorem we conclude that:
im ¢, = 1.
n—+00

B0. Given positive numbers a; < b, define two sequences recursively by

an + b
8pyy =+ anby, by = L

2
{a) Show that ap < b, for all n (Figure 1).

{b) Show that {a} is increasing and {b,} is decreasing.
{c) Show that

bn —an
2

bnyl —apqp <

Prove that both [a,} and (bs) converge and have the same limit. This limit, denoted AGM(ay, b)), is called the
arithmetic-geometric mean of @) and ). See Figure 1.

{d) Estimate AGM(!, +/2) to three decimal places.

Geomeine  Arithunetic
mean mcan

—_— . FIGHRF 1 .

(a) Examine the following:

(2] +bn ﬁ@: an +bn —2a/anb,, _ (ﬁ)2—2ﬁm+(m)2

bpy1 —apgp1 =

2 2 - 2
:———.("/—(:;_\/’5:)2 >0
3 >0

We conclude that b,,4) > a,4) foralln > 1. By the given information &1 > aj; hence, by = a, for all n,
(b) By pant {a), b, > a, for all n, so

Gyl = Vaphp > Jfay - an = a,, = @n

for all n. Hence, the sequence {a,) is increasing. Moreover, since g, < by forall n,

an + by - bn + bn 2b,

b =t T
n+1 3 = 7 ) n
for all n; that is, the sequence {b,} is decreasing.
(c) Since [ay) is increasing, @,+) > ap. Thus,
an + b an + by —2a by — an
byt —Appy € bpgy —ap = n2 ”_Gn= - ; == n2 .

Now, by part (a), an < by for all n. By part (b), (b} is decreasing. Hence &, < b for all n. Combining the two in-

equalities we conclude that ay < b) for all n. That is, the sequence {a,) is increasing and bonnded (G < @, < by). By

the Theorem on Bounded Monotonic Sequences we conelude that {a,) converges. Similarly, since {a,} is increasing,
ap = a) for all n. We combine this inequality with b, > @, 10 conelude that b, > a; for all n. Thus, {b,} is decreasing

and bounded (a; = &, < b|); hence this sequence converges.
To show that {a,) and {b,] converge Lo the same limit, note that

bn_ansbnul_an‘l Ebn*Z_an—ZS”_Ebl‘a\'
2 22 2r-l
Thus,
Li b = (b i ——1 =0
ni}moo(n“an)—( ]—al)nimoozﬂ—l =



(d) We have

ag + b
Gni) = Vnbn, a1 =1 by = nz :

by =2

Computing the values of ap and b, until the first three decimal digits are equal in successive terms, we obtain:

ay =arb =+ 1-+2=1.1892

aj+b 142

by = > :—2*:1.2071
a3 = \fazby = 11892 . 1.2071 = 1.1981
by = az + by _ 1.1892 . 1.2071

2 2
ag = Jayby = 1.198]
b4=m:1.1981

Thus,

AGM (J, Ji) ~ 1.198.

82. E The nth harmonic number is the number

(LI
T 2 3 n
leta, = H, — Inn.

ntl gy
(a) Show thata, > Oforn > |. Hint. Show that H; > / —.

1 x
(b) Show that {ay} is decreasing by inlerpreting an — @, as an area.

=1.1981

{c) Prove that Iim ap exists. This limit, denoted ¥ and known as Euler's Constant, appears in many areas of mathe-
H—r OO

matics, including analysis and number theory. It has been calculated to more than 100 million decimal places, bul il is

still not known if ¥ is an irrational number. The first 10 digits are y = 0.5772156649.

SOLUTION

(a) Since the function y = % is decreasing, the left endpoint approximation to the integral

integral; thatis,

1 1 1 mtb oy
1- 14 = 14=-1+-- 1= _
2 3 n I x

or

atl gy
e [0
1

X

Moreover, since the function y = % is positivc for x > O, we have:
n+l gy " dx
I x P X

"dx n
Han — = lnx! =Inn -Inl =lnn,
| - 1

Thus,

and

an = H, —lun >0 foralln > 1.

1

fn+l dx

X

1s greater than this



(b} To show that {a,) is decreasing, we consider the difference a, — a,41:
an —apy1 =Hy —lon — (Hyyy ~In(n + 1)) =Hy—Hyyy+In(n+ 1} —lnn

1 1 1 1 1
3 +H (+2+ +n+n+1)+1n(n+l) Inn

+ In{n + 1) —Inn.

=—n+

_['”‘"'1 X \whereas - is the right endpoint approximation to the integral _,‘;:"H 4} Recalling

Now, In{n + 1) —lnn = |, 5 e
ntl gy 1

/ dx
n x T4

y= % is decreasing, it follows that

I el

50
ap — apy) = 0.
(¢c) By parts (a) and (b), {an] is decreasing and O is a lower bound for this sequence. Hence 0 < a, < o) forall n. A

menotenic and bounded sequence is convergent, so limy, . og @5 €XISLs.



