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One of entropy’s puzzling aspects is its dimensions of energy/temperature. A review of
thermodynamics and statistical mechanics leads to six conclugibnEntropy’s dimensions are
linked to the definition of the Kelvin temperature scal@) Entropy can be defined to be
dimensionless when temperatuFas defined as an energg@ubbedtempergy. (3) Dimensionless
entropy per particle typically is between 0 areBO. Its value facilitates comparisons among
materials and estimates of the number of accessible std@jeblsing dimensionless entropy and
tempergy, Boltzmann’s constakis unnecessary5) Tempergy kT, does not generally represent a
stored system energg6) When the(extensive heat capacityC>k, tempergy is the energyansfer
required to increase the dimensionless entropy by unity 198 American Association of Physics Teachers.

[. INTRODUCTION thus the energy spectrum region where the system spends
most time executing its “entropy dance.” Section VI con-

Entropy has many faces. It has been interpreted as a megins a recapitulation and main conclusions.
sure of disordet,the unavailability of worlé the degree of

energy spreadinfjand the number of accessible microstates
in macroscopic physical systems. While each of these inted]- DEFINITIONS OF ENTROPY AND THE
pretations has a logical basis, it is unclear vany of them  “ENTROPY DANCE”
should have the dimensions of energy per unit temperature.
Indeed the common entropy unit, J K is as mysterious as . AP '
entropy itself. The goal here is to answer the following quesjemperature'!', In terms of an |nf|n|tes_|mal reversible _heat
tions: (i) Why does entropy have the dimensions of energyP'c€SS during Wh'Ch. the system gains enefg¥,. His
per unit temperature®i) Are these dimensions necessary [@MOUs entropy algorithm i
and/or physically significant@ii) How would thermal phys- 5Qiey
ics differ if entropy were defined to be dimensionless and =~ dS=-——. (1)
temperature were defined as an ener@y? What range of
values does dimensionless entropy per particle have® Extending this process along a finite path with a finite energy
temperature is defined as an energy, caledpergydoes it  transfer, integration of1) leads to an entropy difference
have a meaningful physical interpretation? An examinatiorS;,,— Sinitiai - ThiS procedure is commonly used as a calcu-
of thermal physics books™ shows that although some au- lation tool to obtain path-independent entropy differences. It
thors define entropy as a dimensionless quantity and sormig evident from Eq(1) that S has the dimensions of energy
define temperature as an energy, no in-depth discussion gkr unit temperaturécommon units are J/K
questions(i)—(v) seems to exist. What follows is in part a  Notably, Clausius used the Kelvin temperatdrén (1).
review and synthesis of ideas that are scattered throughoThis can be traced to the definition of the Kelvin temperature
textbooks, with the goal of filling this gap. scale and the following property of dilute gases. If iin

In Sec. Il, we review common definitions of entropy in particle dilute gas has pressyseand volumeV, then
thermodynamics, statistical mechanics, and information
theory. In Sec. Ill we observe that in each case one can pVv %)

. . . —-=r=function of temperature.
replaceS by a dimensionless entrof8y and that, in a sense, N7 P

entropy is inherently dimensionless. We show how hand-—ryq yelyin temperaturd is defined to be proportional to
book entropy values can be converted to dimensionless e%’z

Clausius defined the entropy chand® of a system at

. . . ind to have the valu&;=273.16 K at the triple point of
tropies per particle, assess the range and meaning of the | CO. It follows that
ter numerical values, and use them to estimate the number :
accessible states. Defining entropy as a dimensionless quan- 7=kT, 3
tity leads naturally to a definition of temperature as an en- i )
ergy (tempergy. In Sec. IV, we argue that although in very Wher623 thel constant  of  proportionality,k=1.3807
special cases, tempergy is a good indicator of the internaP<10” “>JK™7, is Boltzmann’s constant. Extrapolation @
energy per particle, per degree of freedom, or per elementar low temperatures shows that=t+273.15, wheré is the
excitation, no such property holds in general. Thus tempergfelsius temperature. The above-mentioned specification of
cannotbe interpreted generally as an identifiabtereden-  T; assures that the Kelvin and Celsius scales have equal
ergy. In Sec. V we show that under typical laboratory con-degree sizes. An interpretation of E) is thatk is a con-
ditions, tempergy is the energy transfer needed to increasewersion factor that links temperature and energy. The product
system’s dimensionless entropy by unity. In addition, tem-KT, which is ubiquitous in thermal physics, enables correct
pergy shares with temperature the property of determininglimensions whenever an energy, heat capacity, or pressure is
the internal energyquantum statistical average energynd  expressed as a function @fin Kelvins.
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Modern-day values of Boltzmann’s constant are obtained “spreading” function® This “spreading” can usefully be
from data on the universal gas constanR  envisioned as aanceover the system’s accessible states.
=8.3145JK ' mol ™, evaluated from dilute gas data, and When the dance involves more states phase space vol-
Avogadro’s numberN, .2"5That is, combining2) and(3)  Ume then the entropy is greater; thus we call it emtropy
with the corresponding standard molar equatv=nRT, dance Last, but not least, we observe that although the factor
wheren is the mole number, gives= R/(N/n)=R/N,, . We k in Eg. (6) gives Sits conventional dimensions of energy/

note thatkk andR are two versions of theameconstant using temperature,S/k_ cc_)ntains all thg esse_ntial physips. In this
different unit systems sense, entropy is inherently a dimensionless entity.

In information theory, themissing informationMl, is de-

Given the definition of temperature above and the fact thalf.
all reversible Carnot cycles operating between fixed reserined @s
voir temperature§ . and T, have efficiency +T./T,,, one
finds that for any such Carnot cycle, MI=— Czi PiinP;, @)
%Jr %:0' (4) where P; is the probability of finding the system in state
Th  Tc with energy eigenvalug; , andc is an arbitrary multiplica-

where Q,,Q.) are the energies gained by the working fluid tive constant’ Equilibrium statistical mechanics at constant
at (T,,T.). In many textbooks, these properties are used tdemperature can be obtained by maximizing the function MI

obtain the Clausius inequality, Q; /T, <0, for a cycle with under the constraint that the average energy is fﬁ(%ﬂ;
segments—=1,2..... and this inequality is then used to Obtainprocedure leads to the conclusion that if one makes the iden-

the entropy algorithm, Ec(1).167 tifications S=MI and c=k=Boltzmann’s constant, then
In Cgﬁen% mc;dern ' formulation  of classical consistency with classical thermodynamics is obtained, and

thermodynamic$® the entropy functionS is postulated to . ,

exist for equilibrium thermodynamic states. It is specified to ~ Pi=Z ~exp(Ej/7) with Z:Z exp(E; /7). ®

be extensive, additive over constituent subsystems, and to

vanish in a state for whichaU/dS)y y=0. HereU is the Z is the canonical partition function of statistical mechanics.
internal energy and the derivative is taken holding particleNotably, in bothP; andZ, temperature occursnly through
numbers and external parameters fixed. The dimensioBs ofthe productr=kT. As in the microcanonical formalism, en-
come from the requirement that the latter derivative be identropy’s dimensions come solely from the factorHere the

tified as the Kelvin temperature; i.e., essential physics is contained within the $€t}. In this
(8U13S)y n=T, (5) zﬁ)mslg,s;he canonical ensemble entropy is inherently dimen-

and this givesS the dimensions energy/temperature. Again
the dimensions of are linked to the definition of tempera- | DIMENSIONLESS ENTROPY AND TEMPERGY
ture.

In statistical physics, entropy is usually defined using the The arguments above suggest that the tempergyk T,
Boltzmann form, has significance. Nevertheless, it is the temperalyrand

S=KInW (6)  hotr, thatis commonly used as a thermodynamic varidble.
i Recall thatr is traditionally written akT in order to obtain

The factork is Boltzmann’s constant, which was actually an absolute temperature scale with a degree size equal to the
introduced into Eq.(6) by Planck. Using radiation data, Celsius degree. Had the temperature been defineg tagn
Planck obtained the first numerical valuelof® In classical T, andT, in Eq. (4) would have been replaced by and,

statistical mechanics\V is proportional to the total phase respectively. Similarly, the Clausius algorithrft), would
space volume accessible to the system. This volume is in thgayve taken the form

6N-dimensional phase space consisting of the position and
momentum coordinates for th¢ particles. If there are inter- _9Qrev_ 9Qrey

. ; Si= = : )
nal degrees of freedom, say, for diatomic molecules that can kT T
rotate and vibrate, the dimensionality of the phase space ish S, is the di ionl ¢
increased accordingly. In the quantum framewdhkrepre- wheresq 1S the dimensioniess entropy,
sents the number of quantum states that are accessible to the S
system. Evaluation ofV to obtain S is a main task of the Su=j- (10
microcanonical ensemble formalism of statistical mechanics.

Several things should be kept in mind. First, the terea ~ Use of (10) in Eq. (6), gives the dimensionless Boltzmann

cessiblemeans accessible under specified experimental corform
ditions, e.g., the system’s temperature is fixed, which implies S.=InW (11)
that the system’s quantum state is likely to be in a specific d '
region of the energy spectruwe discuss this further in Sec. It might seem that using rather thanT would upset ther-
V). Second, if states are accessible, this implies that the sysaodynamics as we know it, but this is not so because it is
tem can be in any of them. Classically, this means that th@ossible to view the Kelvin as an energy,.e., 1K
system’s phase poinr, p), which consists, say, of po- =1.3807x10 22J. It should be kept in mind, however, that
sition and momentum components, moves through the accealthough tempergy and internal energy have the same dimen-
sible phase space as time increases. Quantum mechanicakyons, they are very different entities, and we show in Sec. IV
the system’s state can make transitions between the accdbat in general, tempergy cannot be related to a stored system
sible states. With this views has the interpretation of being energy. Had the previously described steps been followed
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Fig. 1. Dimensionless entropy per partietess particle mass, in mass units

(u). (a) Monatomic soliddm—solids; gray squargésmonatomic gasegn—
gases; open circlesand diatomic gasegd—gases; gray diamongs(b)
Polyatomic solids(p—solids; gray squarés liquids (p—liquids; black

Table I. Typical dimensionless entropy ranges for solids, liquids, and gases
for T=298.15 K and pressur€0.101 MPa. Higherbut atypical values
exist.

Type of matter Typical range far

Monatomic solids 0.3-10
Monatomic gases 15-25
Diatomic gases 15-30
Monatomic and polyatomic solids 10-60
Polyatomic liquids 10-80
Polyatomic gases 20-60

For monatomic dilute gases in the classical domain, the
Sackur—Tetrode formula for entroffyimplies that the di-
mensionless entropy per particle is

o=—1.16+1.5I(M,)+2.5In(T) (13

at pressure 0.101 MPa, whevk, is the atomic mass in mass
units, andT is the Kelvin temperature. AT=298.15K, this
implies o=15.2 for helium gas and=21.2 for the rela-
tively massive radon gas. Figuréal shows that at standard
temperature and pressure,<15<25 for most monatomic
gases. This range is above that for monatomic solids because
gas atoms are less constrained than solids and gases have
more accessible states. Figuréa)lalso shows that 5o

<30 for most diatomic gases. For a given particle mass,
diatomic gases have higher entropy because their entropy
dance involves more states. Entropy tends to increase with
particle mass, as ifill3), because the density of stai@sim-

ber of energy states per unit energgy greater for more mas-

circles, and gase§p—gases; open diamondsntegers printed near data SiVQ particles. .
points are numbers of atoms per molecule, e.g., the polyatomic liquid water Figure Xb) shows that entropy is larger for more complex

has (approximatg mass 18 u and 3 atoms per molecule, while the poly- molecules. Again entropy tends to increase with particle
atomic liquid GgHs, has mass 22_4 u and 48 atoms per molecule. The poly-mass, but this tendency can be overshadowed by the sensi-
atomic gases each have approximately the same number of atoms per m?k/ity of o to the number of atoms per molecule. For example

ecule and their sequence shows that entropy increases with mass. Entro
increasing effects of larger numbers of atoms per molecule are evident fo!

Fﬁﬁe solid GgHsg (octadecane with molecular mass 254 u

the polyatomic liquids and solids. Lines connecting data points are include@Nd 56 atoms per molecule has considerably highénan
to help identify materials of a given type; they do not necessarily indicatethe solid BsHg,, with more than twice the molecular mass

the positions of other data points.

561 u, but only four atoms per molecule. The octadecane
molecules have many more degrees of freedom and acces-
sible states. Approximate ranges®for gases, liquids, and
solids are summarized in Table 1.

historically, entropy would have been dimensionless by defi- oyera|l, a helpful rule of thumb is that is typically be-
nition and we might never have encountered the Kelvin temyyeen o androughly) 80 at ordinary temperatures and pres-

perature scale or Boltzmann’s constant.

It is instructive to examine théntensivedimensionless

entropy per particlé®2°

Sq

N (12)

o=

In what follows, unless stated otherwise, we focus on one-
component, single-phase systems. What are typical values

o? Consider graphite, with entropy 5.7 JKmol ! at stan-
dard temperature and pressure. Equafid?) implies the di-

mensionless entropy per particle,=0.68. Similarly, one

finds that diamond has=0.29 while lead hasr=7.79. At

T=1K, solid silver hasr=8.5x 10>, which seems consis-

tent with o approaching zero fof (or 7)— 0.2 It turns out

sures. We may gain a deeper understanding of the numerical
information in Table | and Fig. 1 using Eq4d.1) and(12) to
obtain

o=In(W™), (14
or equivalently?®
W=exgNo). (15)

¢ We now estimateV whenN=2x 10 (roughly the num-
Ber of air molecules in 1 cfnof air) for small and large
values ofo. For solid silver’s relatively small value=8.5
X105 at T=1K, (15 implies W= 1041 For the hy-
drocarbon gas icosane, withr=112 under standard
conditions?® (15) implies W~10'"", A range ofo and W
values is given in Table II.

that the dimensionless entropies per particle of monatomic We close this section with two observations. The first is

solids are typically<10, as illustrated in Fig. (&).
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Table II. Number of accessible stat®¢ for an N particle system foro Our |as’[3pecia|case is a gas of pho’[ons in an otherwise

=10, 0.1, 1, 10, and 100 wheki=2x 10" empty box of volumeV, with wall temperaturer. For this
W photon gas, the total internal energy is known from statistical
o (order of magnitude mechanics to b&
10-10 1017 U 8wV fw x3 dx= 8wV, 19
0.1 1010 ~(he)® Jo =1 T (ho® (19
1 100° 4 . : ,
10 s whereJ,= 7*/15=6.494 is the integral i1119). The average
100 10 number of photons, which depends upon both the container
volumeV and the temperature is
N _8777'3V fx x2 dx= 8wV Iy 20
photons— (hC)3 o eX—1 X= (hC)3 ' ( )

as well as dimensionless entropy. Notably, the American In-
stitute of Physics Handbook contains tabular data for bot
dimensionless specific entropy and dimensionless specifi

hereJy=2.404 is the integral i1i20). The combination of
gs.(19) and(20) gives

heat capacities. Secon§y and o satisfy the relations U Ju
=|—|7=2."71. (21
5Sd 1 Jdo 1 Nphotons J N
U v N:;’ U y N:N_T' 18 The average energy per photon is seen to be 2&spite the

fact thatU«=7*. This is true becaush notong 3. These re-
where the derivatives hold particle numbers and externallgylts hold for all7>0.

variable parameters fixed. In order to understand how vergpecial the above-
mentioned cases are, we take a closer look at the Debye
model of a solid, which accounts for small oscillations of
coupled atoms. Using normal coordinates, the model reduces
to a collection of independent linear oscillators. Debye as-
sumed the distribution of the oscillators’ frequencies coin-
cides with the distribution of sound wave frequencies in the

IV. TEMPERGY IS NOT GENERALLY A STORED
SYSTEM ENERGY

In general, tempergy cannot be linked to an energy per

particle, per degree of freedom, or per excitation. Despiteso“d’ and that there IS a maximum frequency, . For 4
this fact, we enumerate some vespecialcases for which- > N¥o . the model predicts that the system enefrgjative to

is so related. The equipartition theorem implies that for monihe ground state—3Nr. This reflects energy equipartition,
atomic and diatomic ideal gases in the classical domain;€., average energy2 for each of the Bl degrees of free-
namely at sufficiently highr and/or low density, each degree dom (3N from kinetic and & from potential energigsIn

of freedom(including rotations and/or vibrations when thesethe low temperature limity<hvp, quantum behavior pre-
modes are actijestores37 of energy on average. A suffi- vents equipartition, and it is interesting to examine the aver-
cient condition for equipartition in the classical domain is age energyer excitation These excitations, called phonons,
that each degree of freedom have an energy that is quadratice usefully viewed as independent, identigahsiparticles

in its variable, e.g., momentum for translational kinetic en-that obey Bose—Einstein statistics. Using the canonical en-
ergy and displacement for vibrational enef§yThus, even semble, the average energy of the phonons can be whitten
for classical nonideal gases with position-dependent forces,

4 hvp /7 3 A
each translational degree of freedom stores engrgyFor Uphonons:&Ts f( o/7 XX dx= ON7 Ig, (22)
the Einstein and Debyéquantum models of solids, each (hvp)® Jo e'—1 (hvp)
giee%rtleyeh?;:]reedom storgs- of energy on average for sulffi- and the average number of phonons is
T.
Anotherspecialcase is an ideal Bose—Einstein gas below _ON7® ((hpln X dx= IN7Iy 23
its critical temperature.. The total number of particles can phonons™ (hy,, 43 ex—1 9X% (hvp)®” (23

be written adN=Ng+ Ng,., WhereNy andN,,. are the num-

bers of particles in the ground state and in excited stated,ne quantitied, andly are shorthand notations for the in-
respectively. It can be shown tiht tegrals that appear in EqR2) and(23), respectively. Notice

that the number of phonons depends on the temperature,

(VA h 1?2 which is reminiscent of the photon gas. Combining these
Nexc=N—No=2.6127% with A=|->——-| (17  equations gives
and Ypnonons_ ('_U) . (24)
N | '
U 2.012(V\3) phonons 1IN _
0.77r for r<r.. (19 Numerical evaluations of the integrdkg andl  show that

= =
Nexe  2.612V/A%) for values ofr between 0 andhvp, the right-hand side of
Thus, below the critical temperature, the tempergyis  (24) ranges from 2.7r to 0.64 7, as illustrated in Fig. 2.
within 30% of the average energy pexcitedparticle. How-  Notice that the factor 2.7 arises in the zero temperature limit,
ever, because the particles in the ground state contribute zefor which I /1 y=Jy/Jy [see Eqs(19)—(21) for the photon
energy,7 is not a good indicator ofJ/N. gad. We conclude that for sufficiently low temperatures, the
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o1 2 3 4 5 6 7 8 9 10 near unity(its maximum is~0.28), 7 never represents the average internal

energy per particle. Similarly, becausé(Ne) is never near unityr never

Fig. 2. Average energy per phonon vy, for the Debye model. represents the average internal energy per excitation.

tempergy7 is a rough indicator of the average enemsr oqresents the degree of hotness for objects, and when two

phonon but is a poor indicator of the energy per partiCIe'objects interact thermally, energy flows from hotter to
U/N. _ colder®*2*This very useful interpretation holds for tempergy
In contrast, forr>hwvp, Nphonons=(IN7)/(2hvp), while a5 well as temperature but provides no particular insights for
Uphonons_>3NTv soU phononJNphonons_’ 0.67(vp/7)7. That T.
is, the average energy per phonon becomes a small fraction In search of such insights, we consider an energy transfer
of 7. In this limit energy equipartition(#2 per degree of Q>0 to a system by a heat process. In terms of(theen-
freedom holds andU—6NKT. In the intermediate region, sjve) heat capacityC(T),
where quantum effects aredmore subtle, there is no known At
way to interpretr as a stored energy. _ NAT —
Before closing this section, we consider another model for Q= L C(T)dT'=CAT, (29
which 7 cannot be related to a stored system energy. Con- _
sider a collection of independent particles, each with twowhere the last step defines the average heat capacfyr
accessible states, having energies 0 @r@. Figure 3 shows  the interval [, T+AT), with AT>0. C is well defined un-
graphs ofU/(Ne) vs 7/e andU/(N7) vs 7/e. For 7/e<1, lessAT=0 andQ=#0. This special case, which occurs for
relatively few particles are in the excited states and the avtwo coexisting phases, is treated separately later. If we make
erage energy per particld/N<0.%. For 7/e>1, the frac-  hq specialchoiceQ=KkT, and also assume thesk (be-
tion of particles in the excited state approaches 0.5. Thusdausea is extensive and is a constantit follows that
when 7 increases without boundU/N—0.5¢ while
U/(N7)—0. Figure 3 shows thdt//N<0.28r for all values AT k
of 7. Also, becausdJ =Ng€, where N, is the average T - §<1' (26)
number of particles in the higher energy state, it follows that
U/Ngy= €, independent of. Thus, for this simple model of ~ The dimensionless entropy change of the system when its
two-state independent particlesis neither a good indicator temperature increases fromto T+ AT is
of the average energy per particle nor the average energy per THAT C(T)
excitation. Asd:f ———=dT'. (27)
For thespecialcases where tempergganbe related to the T kT
average energy per particle, per degree of freedom, or p%ecauseC(T’)>0, we may establish lower and upper

excitation, the total energy can be written as the sum of th . f
energies of similar, independent particles or quasiparticles(:%Ounds OnAS, by replacing IT" by 1/(T+AT) and 1T,

or degrees of freedom. In some cases the special result fo'f?SpeCt'VeW' as follows:
lows because the particle energy is quadratic in a momentum 1 T+AT -
or position variable and the temperature is sufficiently high. mf C(THAT'<sASy

In other cases, the special result seems to be related to Bose— T

Einstein statistics. However, when such special conditions do _ 1 T+ATC(T’)dT’
not exist, we cannot relate to a stored system energy. T kT )+ '
Except for special cases is a poor indicator of the (28

internal energy per particle, per degree of freedom, orrpq equalities hold in the limiAT— 0.

per elementary excitation, and no universal interpreta- Using Eq.(25) in (28), we obtainQ/[k(T+AT)]<AS,
tion of tempergy as a meaningful stored energy |S$Q/(kT). I.:or the spécial cas®@=kT, this becomes

known
TI(T+AT)<ASy=<1. Application of Eq.(26) then gives
V. A PHYSICAL INTERPRETATION OF 1
TEMPERGY —————<AS=<1
(1+Kk/C)

Given thatr generally cannot be associated with a mean-
: " e when
ingful storedenergy, it is natural to ask if it has any general
and useful physical interpretation. We know that temperature Q= 7=KkT. (29
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Because we assun@>k, expansion of the left-hand side in bNkT*

— — = 1+¢*-1]. 31
(29 to orderk/C leads to the conclusiofpA Sy—1|<k/C, Q 4T3 [(1+€) ] 3D
and this brings us to our desired result, Similarly
ASs=1 _AS_DbNT 3
ASy= K —ﬁ[(wg) 1]. (32
when . , _
SettingQ=KkT, solving for (1+ £) and substituting the result
— in (32 find that
Q=r=KT, C>k. 30 M (32, wefind tha
AS, _ONT (1+ 4 (TD)s)m 1 (33)
Equation(30) is very general, and is satisfied whene@eis 43T bN| T '

well defined. We now show that it holds for various real and
model systems over a wide range of temperatures.

For an isothermal transf&@= 7, (30) obviously holds be- . (TpIT)?
causeASy;=Q/7=1. This is true even if the system consists ASy=1- 2bN

of two coexisting phases at constant pressure, in which case For anyT<T, . the second term on the right-hand side
_ i~ - . . <lp, -
Q#0,AT=0, andC—defined in Eq(25)—does not exist. It becomes negligible for sufficiently large¢.*® If we demand

|s instructive to examinf this interesting caseLlfis the i iicterm be no larger, say, than 0.001, the implied con-
heat of transformation” per mole, thel®@=An L=KkT dition is

when An moles get transformed. This givésn=k/(L/T) 5

=k/Asno, Where As, is the entropy of transition per NT3> D

mole. In particle language this implieAN=R/As, 0.47

=1/(0,— 01).?° Here o, and o, refer to the higher and

lower entropy phases, respectively. To see the implications

of this, consider a transition from liquid to vap@ssuming |ASy—1|<0.001. (35
no dissociation upon vaporizatipnin this caseo,— o

Expansion of the first term in the square brackets leads to

(34

. . o This condition is most restrictive for small samples of solids
=A0yqp, the dimensionless entropy of vaporization per pariih relatively high Debye temperatures. For diamond, with
ticle. For many such liquids, it is known thaloy,;~10 at  {he exceptionally high Debye temperatifig= 2200 K, (35)
atmospheric pressufé.Notably, this impliesAN<1, i.e., pecomesNT3>2.3x 1010 Choosing the relatively small
not even one molecule goes from liquid to vapor whgn sample size 10°mol or N=6.02x10" and mass 1.2
=7. In fact the conditionAN>1 requires thalo\o,<1.  10-8kg, this is satisfied fol >0.003 K. Given diamond’s

Although this condition is satisfied for any saturated liquid athigh Debye temperature, this example suggests Bt
pressures and temperatures sufficiently close to its critical ; a good approximatiyon whed= 7= KT for most mac-
point, thetypical result AN<1 for atmospheric pressure un- roscopic solids over all but the very lowest attainable tem-
derscores themallnessof the energy transfer. If indeed

St peratures.
AN>1, the resultAS;=1 is independent of botAN and In addition to the lattice vibrations, electrons contribute to

the amount of liquid and vapor in the system because thge heat capacity in metals. Using the free electron model, at
process is isothermal. KN<1 there is no phase transition |o\ temperatures the electronic heat capacity is proportional
and the liquid—vapor system acts as a system with heat cgy T. Therefore the total low-temperature heat capacity has
pacity C= Cjquig T+ Cvapor- If C>k our earlier argument im- the form C=AT+ BT3, where the linear and cubic terms
plies ASy=1 for the almost-isothermal process in the two- come from the electrons and lattice, respectively. Using data
phase system. for metals®’ one can explicitly confirm whetheéE>k for a
Another almost-isothermal process entails the heating of Eample of a given size. For exampleTat 10 K, a calcu-
g of copper, initially atT=1K and with constant-pressure |ation for 10" ® mol (9% 10~ °kg) of beryllium shows that for
heat capacityC=1.2<10"° J/K. When energ@=7=kTis Q=7 AS;=1.000 (to four digits. Even more convincing
added to this system, Eq26) implies thatA7/7=AT/T  results hold for other metals and also for larger sample sizes.
=k/C=10"'8 and Eq.(30) is valid. For higher tempera- Y€t another example is a Bose—Einst¢éBE) ideal gas
tures,C is larger and thud 7/ is even smaller. Evidently for D€low its critical temperature for BE condensation. A cubic
copper, Eq(30) holds over a wide range of temperatures. Centimeter of material with the density of liquid helium has

- _ 2 _
The derivation of Eq.(30) fails when C is comparable |>\|<102’.%‘°>’<K102 atoms  and [AS;~1|<0.001 for T>2
Wil . Because e proporlens) Lo e system' mass, is, The above.mentioned examples nicate =1 for
the system is su)ll‘ficiently cold becguée—>0. for T—0. We =7 typically holds for all but the most extreme low tem-
now investigate how lowr must get to maké30) invalid for peratures. Because a sufficient condition@esk is C>k in

a given sample size. the interval I, T+AT), the above findings can be summa-
Consider a Debye solid witfi<Tp, the Debye tempera- fized as follows.

ture. In this regionC(T) is well approximated b%? C(T) For macroscopic systems with heat capacities G

=bNK(T/Tp)® where b=127%5=234. Defining ¢ tempergyr is the energy transfer required to increase

=AT/T, it follows that whenT—T+AT, the dimensionless entropy by unity, ,i.,AS;=1. This
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W defining and examining dimensionless entropy and dimen-
i sionless entropy per particle inspires a healthy rethinking of

WU feim=mmmmeccen=- the foundations of thermodynamics and statistical mechan-
i ics. It provides a natural setting in which to compare values

of dimensionless entropy per patrticle for different materials,

\ which can give a bettesenseof entropy’s role as a measure

i “Slope i€ Slope of the temporal entropy dance of the system over its acces-

: = WU% /1 P sible states. Typically, the dimensionless entropy per particle
= (0W/0U)y U o lies between 0 an@toughly) 80. These findings imply that

the number of accessible statedis- 101 for macroscopic
systems under standard temperature and pressure conditions,
with 10<x<21. W is indeed impressively large.

The study of dimensionless entropy suggests that tempera-
ture can be replaced by tempergy=kT, and this leads
naturally to an investigation of the occurrence and signifi-
cance of 7 in thermal physics. Despite the existence of
Fig. 4. A plot showingW(U)=UY vs U, as described in the text, and a Simple models for which tempergy is proportional to internal
geometrical v?ew of Eq(3_6). The slopes of the two dotted lines represent energy per particle, per degree of freedom, or per excitation,
el e s v e e sy manal 0 Sch propery holds general. Two reasonagipera
energyU*p. To enablé a graphigcal view of E(B6), this sketgh is not drawn ener_gy-specmc interpretations of tempergy are known. One
to scale. In real systems; typically is many orders of magnitude smaller €Ntails an energyransfer rather than astored energy,
thanU. namely: tempergy is the amount of energy needed to increase

a system’s dimensionless entropy by unity. This property

holds for macroscopic systems that are not at ultralow tem-
holds to an excellent approximation for macroscopicperatures, i.e., whe@>k. The second interpretation is for
systems over nearly all attainable temperatures single-phase systems, for whitt(U) has the shape in Fig.

BecauseS, is of orderN, the number of system patrticles, 4. In this caseq—like temperature—determines the average
the entropy changA S;=1 is typically a very small relative energy and thus, the region of the energy spectrum where the
change forS;. Examination of Eq(11) shows that increas- system spends most time doing its entropy dance over states.
ing Sy by unity corresponds to multiplying the total number The fact that this dance occurs for thermodynamic equilib-
of accessible states by the facter2.718..., the base of rium highlights the dynamic microscopic nature of macro-
natural logarithmg® scopic equilibrium.

The fact that an added ener@= 7 inducesAS;=1 is a It is possible to circumvent Boltzmann’s constant by de-
consequence of Eq6), (9Sq/dU)y=1/r, which relates fining entropy as a dimensionless quantity and working with
tempergy to theate of changeof Sy with U. For a system €mpergy rather than temperature. This leads one to question
whose dimensionless entrofy has continuous first and sec- Whetherk is really afundamentatonstant of nature. We can
ond derivatives with respect td, and whose heat capacity compare it to the speed of light in vacuum,which is fun-

C, is finite, the concavity condition for entropyimplies that ~ damental in that it applies tall electr,omagnetlc radiation.
(97Sy19U?),<0. The latter condition assures th@{>0, We can also compare it with Planck’s constantwhich is

and that Eq(16) has a unique solutiob* for any 7> 0.4 fundamental in that it links a particle propefgnergy and a
wave property(frequency for all electromagnetic radiation

For a one-component, single phase system with fixedndall de Broglie particle waves. Boltzmann'’s constant can
volume, whose entropy has continuous first and seconfe considered fundamental in the sense that it provides a
derivatives, - tempergy—like temperature—determine§inear fink between tempergy and temperature, where tem-
the internal energy. Quantum statistically, this pin- peranyre is a fundamental measure of hotness and tempergy
points the aver’age energy and thus, the neighborhoo epresents a well-defined stored energy &ir sufficiently

of the system’s energy spectrum where the entrop&”ute gases. It is important to realize however that despite

dance spends most time this property of dilute gases, tempergy does represent a

T u*

Using Egs.(6), (10), and(16), we obtain known stored system energy for macroscopic matter in gen-
9 W(U*) eral.

(mW(U*)) D (36 Finally, we observe that although many people seem com-

v fortable with their understanding of temperature, fewer seem

A graphical interpretation of Eq(36) is given in Fig. 4, comfortable \_/vith entropy. This is true in part because we can
assuming tha¥W(U)<U". This form satisfies the concavity feelwhen objects have higher or lower temperatures, but we
condition above and, for the special case of a classical morfannot usually sense entropy directly. To the extent that

atomic ideal gas, it is well knowhthat YoN. one’s comfort with temperature stems from the incorrect be-
lief that temperature is always proportional to the average
VI. CONCLUSIONS kinetic energy per patrticle, it gives a false sense of security.

Baierleir’>* has emphasized that temperature doestell
Entropy’s conventional units, J/K, can be traced to theus how much energy a system stores, but rather, reflects a
definition of the Kelvin temperature scale. The exercise ofsystem’stendency to transfeenergy via a heat process. The
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findings here agree with that assessment and, in addition Petley,The Fundamental Physical Constants and the Frontier of Measure-

show that the specific energy transfee = induces the di-
mensionless entropy changes;=1.

ment(Hilger, Bristol, 1983, pp. 94—99. The best modern values of Bolt-
zmann’s constant utiliz&=R/N, .
165ee, for example, M. W. Zemansky and R. H. Dittmateat and Ther-

This article began as an attempt to Cl_al‘if_y an aspect of modynamicgMcGraw—Hill, New York, 1997, 7th ed., pp. 186—191.
entropy, but has led inadvertently to a rethinking of temperaiClausius used a similar, but less well known, method to obtairfBqgHis

ture. Although entropy can be relatedry generallyto the

method also required the definition of absolute temperature given in the

entropy dance described here and dimensionless entropy catext. See R. J. E. Clausiushe Mechanical Theory of Hedfiohn Van
help us better understand that dance. no such Systemyoorst, London, 186)7 pp. 134-135. Interesting discussions of Clausius’s

independent picture emerges for temperature or tempergy

The general definition of in thermodynamics is given by
Eq. (15), which relatesT to the rate of change of energy with
entropy. This suggests that temperaturatiteastas elusive
as entropy, i.e.at leastas difficult to understand on micro-
scopic grounds.
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SEVERITY AND FLABBINESS

That is the severity of the criterion that science sets for itself. If we are to be honest, the
have to accept that science will be able to claim complete success only if it achieves what
might think impossible: accounting for the emergence of everything from absolutely nothing
almost nothing, not a subatomic dust-like speck, but absolutely nothing. Nothing at all. Not
empty space.

How different this is from the soft flabbiness of a nonscientific argument, which typically 12
any external criterion of success except popular acclaim or the resignation of unthinking &
tance. One typical adipose arch-antireductionist argument may be that the world and its cre
were createdby something called a Ggdand that was that. Now, that may be true, and | can
prove that it is not. However, it is no more than a paraphrase of the statement that ‘the un
exists’. Moreover, if you read into it an active role for the God, it is an exceptionally com
explanation, even though it sounds simple, for it implies that everytfonglmost everything,
even if the God supplied no more than electrons and quduks to be provided initially.

P. W. Atkins, “The Limitless Power of Science,” iNature’s Imagination—The Frontiers of Scientific Visiedited by
John Cornwell(Oxford University Press, New York, 1985
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agrees(in an order of magnitude senswith the conditionC>k for Q

“°A unique solution wouldhot exist if (9°Sy/dU?)y,y vanished over a finite
U interval, which would imply infiniteC, for this range ofU values.
Empirically, for a single-phase systefd, diverges when a critical point is
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