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Theorem. (D, Cp), (E,C¢) are CPOs— (D®E, C) is complete; i.e.,

VdirectedMICD®E IxeDRE [x = LIM].

LetN ={0,1,2,...} be the set of natural numbers adde the binary relation oN defined
as usual.

a) Theorem. (N, <) is a partially-ordered set.
<

b) Theorem. (N, <) is not complete; i.e.,

—vdirectedMCN IxeN [x = UM].

Let (N, C) be the flat CPO of natural numbers and sud¢ — N, be defined by

1 if x =_1

Suc =
) {x—i—] if x € N.

Theorem. succ is continuous.

LetN,, ={0,1,2,...} W{oco}, <« be the binary relation oN, defined by
x <oy If (x,y e Nandx <y)ory = oo,
and sucecN,, — N, be defined by

x+1 ifxeN

00 if x = o0.

sucdx) = {

a) Theorem. (N, <. ) is a CPO.
b) Theorem. succ is continuous.
¢) Theorem. fix(sucg = oo.

Letn>2, (Dq,C4), (D3, 5s),...,(Dy, C,) be CPOs,and gnD x Dy x - - - x D,, — Dy
be defined by
on(x1,X%2,...,%xn) =%x; for1<i<n.

Theorem. on; is strict and continuous.



[6] Consider the following denotational semantics specifirati

e Syntax
P—¢|P;S (Path)
S — (L4, (Step)

L — “unspecified” (Literal)
e Semantic Elements
sum R, ®R; o> Ry,
prod: R; ® R; o= R,
cos R, - R,
sin: R, o— R, are defined as usual.
e Semantic Functions
L: Literal —» R is “unspecified”.
S: Step— R, ® R, is defined by
S[(Ly,L)] = smashiL[L4], L[L])
P: Path— R, ® R, is defined by
Ple]l = (0,0)
P[P,S] = smasr(sum smasfon; P[P4], prod smasfor, S[S], cos on S[S])),
sum smasfon, P[P;], prod smaston; S[S], sin orhS[S])))

Syntactically, a patt? is a list of zero or more steds which are parenthesized comma-
separated pairs of literals. Semanticafly§] and’P[P] are ordered pairs (ar) inR; ® R .

a) What is the intuitive meaning of a st§pn which S[S] = 1?

b) What is the intuitive meaning of a pakhin which P[P] = 1?

c) What is the intuitive meaning of a st&pgn which S[S] # 1?
Hint: consider howS|S] is used in definingP.

d) What is the intuitive meaning of a pabhin which P[P] £ 1?
Hint: recall thatr cos® andrsin® are the horizontal and vertical components of a
vector of lengthr facing directiorg.



