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1 Theorem. (D,⊑D), (E,⊑E) are CPOs=⇒ (D⊗E,⊑) is complete; i.e.,

∀directedM⊆D⊗E ∃x∈D⊗E [x = ⊔M].

2 Let N = {0, 1, 2, . . .} be the set of natural numbers and6 be the binary relation onN defined
as usual.

a) Theorem. (N, 6) is a partially-ordered set.

b) Theorem. (N, 6) is not complete; i.e.,

¬∀directedM⊆N ∃x∈N [x = ⊔M].

3 Let (N⊥,⊑) be the flat CPO of natural numbers and succ: N⊥ → N⊥ be defined by

succ(x) =

{
⊥ if x = ⊥

x + 1 if x ∈ N.

Theorem. succ is continuous.

4 Let N∞ = {0, 1, 2, . . .} ⊎ {∞}, 6∞ be the binary relation onN∞ defined by

x 6∞ y if (x, y ∈ N andx 6 y) or y = ∞,

and succ: N∞ → N∞ be defined by

succ(x) =

{
x + 1 if x ∈ N

∞ if x = ∞.

a) Theorem. (N∞ , 6∞) is a CPO.

b) Theorem. succ is continuous.

c) Theorem. fix(succ) = ∞.

5 Let n>2, (D1,⊑1), (D2,⊑2), . . . , (Dn,⊑n) be CPOs, and oni : D1×D2× · · ·×Dn → Di

be defined by
oni(x1, x2, . . . , xn) = xi for 1≤i≤n.

Theorem. oni is strict and continuous.



6 Consider the following denotational semantics specification:

• Syntax

P −→ ε | P1S (Path)
S −→ (L1,L2) (Step)
L −→ “unspecified” (Literal)

• Semantic Elements

sum: R⊥ ⊗ R⊥ ◦→ R⊥,

prod: R⊥ ⊗ R⊥ ◦→ R⊥,

cos: R⊥ ◦→ R⊥,

sin: R⊥ ◦→ R⊥ are defined as usual.

• Semantic Functions

L : Literal → R⊥ is “unspecified”.

S : Step→ R⊥ ⊗ R⊥ is defined by

S[(L1,L2)] = smash(L[L1],L[L2])

P : Path→ R⊥ ⊗ R⊥ is defined by

P[ε] = (0, 0)

P[P1S] = smash
(

sum smash
(

on1P[P1], prod smash(on1S[S], cos on2S[S])
)

,

sum smash
(

on2P[P1], prod smash(on1S[S], sin on2S[S])
)

)

Syntactically, a pathP is a list of zero or more stepsS, which are parenthesized comma-
separated pairs of literals. Semantically,S[S] andP[P] are ordered pairs (or⊥) in R⊥⊗R⊥.

a) What is the intuitive meaning of a stepS in whichS[S] = ⊥?

b) What is the intuitive meaning of a pathP in whichP[P] = ⊥?

c) What is the intuitive meaning of a stepS in whichS[S] 6= ⊥?
Hint: consider howS[S] is used in definingP.

d) What is the intuitive meaning of a pathP in whichP[P] 6= ⊥?
Hint: recall thatr cosθ and r sinθ are the horizontal and vertical components of a
vector of lengthr facing directionθ.


