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In the following problemsN = {0,1,2,...} is the set of natural numbers, aRd is the set of
nonnegative real numbers.

Consider the following decision probler
Knapsack

Instance: A finite setl,

a “size”s(u) € N for eachu € U,
a “value”v(u) € N, for eachu € U,
positive integer® andK.

Question: Is there a subsdt C U suchthat) s(u) <Band ) v(u) >K?

uell’ uelu’

a) Give an encoding schenee D — X* (using an appropriate underlying alphabt
by showing the encoding(I) of the following instancé:

uls(u)|viu)
0| 19 | 12
e |y B=26K=17.
21 1 14

b) Give a lower and upper bound on the length of an encoded instdhgean terms of
the componenttl, s, v, B, K of an instancd.

c) Give a simple “reasonable” length function lengib; — N that is polynomially-
related to the encoding functian

Let F={2,3,4,5,6,7,8,9,10,J,Q,K, A},
S={0,%,0, 8},
> ={a,b,c,...,z,A B,C,...,Z}.

For each of the following kinds of instancésgive a simple “reasonable” length function
length(1):

a) Instance:l € (FxS) x (FxS) x (FxS)

b) Instance:l € (F x £*) x (F x Z*) x (F x £¥)
c) Instance:I € p(N)

d) Instance:I € p(F x S)



Letf,g: N — R*. In asymptotic running time/space analysis, we define

fisO(g) if 3¢1>0 In:>0 Vn>n, [f(n) < cig(n)],
fisQ(g) if 3c,>0 In,>0 Yn>n, [f(n) > crg(n)],
fis®(g) if fisO(g)andfisQ(g).

Prove the following theorem.

Theorem. fis©®(g) = fis polynomially related t@.

Prove the following theorem.
Theorem. NTIME(n) C | | DSPACH2").

c1

Prove the following theorem.
Theorem. DSPACEn/Inn) ¢ DSPACHEIn*n).

@ LetP ={’A’,’B’, ’C’}. In the following example, maif) is a deterministic algorithm that
invokes a recursive method mows ,P,P,P).

void move(n € N, frome P, toe P, viacP) {
if (n>0) {
move(n—1, from, via, to);
printin("move from ", from, " to ", t0);
move(n—1, via, to, from);

}

}

void main() {
var n € N;
readn) ;

move(n, ’A’, ’C’, ’B’);
}

What are the worst-case running time and the worst-case running space ¢y naarfiunc-
tions ofn?



