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Suppose lim f(z) = f(xo). Note that g(x) = sup{f(¢)|a <t < x} is increasing, and so by Lemma 2.7, ¢

has a limit at xq iff

L(zo) = sup{g(y)|ly < zo} = g(w0) = U(wo) = inf{g(y)|zo < y}.

We prove that g has a limit at ¢ by contradiction. So suppose L(zg) < U(xg). We have L(zq) < g(xg) <
U(xo), and so L(zg) < g(zo) or (not and!) g(xo) < U(xg). Now f(xo) < g(xo) by definition of ¢. First
suppose f(xo) < g(wo). But lim f(x) = f(xo), so there is a small interval about zo on which f(z) < g(xo),
and so ¢ is constant on this interval(why?). But then ¢ has a limit at xy, contrary to our contradiction
hypothesis. Thus f(x¢) = g(x0).

Now assume L(zg) < g(zo). Let & > 0 be given. Thereis a y with o — § < y < z¢ and g(xo) — g(y)
(9(x0) — L(zp)). But thereisa t with 29 — 0 < t < y such that f(¢) < g¢(y). Thus f(zo) — f(¢)
(9(x0) — L(x0)). Therefore, f has no limit at x.
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Finally, assume g(x¢) < U(x), and let 6 > 0 be given. We can fix any y with 9 < y < x¢ + . For
that y, g(zo) < U(zo) < ¢(y). So there must be a ¢ such that 79 < ¢ < y < x¢ + ¢ and f(¢) > g(xo) +
M(Wh}/?). So f(t) — f(xo) > M, and hence f has no limit at x.



