ECE 409 - BASEBAND TRANSMISSION - INVESTIGATION 8
INTRODUCTION TO MATCHED FILTERS

SUMMER 2004 A.P. FELZER
Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the

problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

Up to now center point detectors as follows

r(t) = s(t) + n(t) y(t) y(nT) Oor1l
> Lowpass | —3» | Sample/Hold |—»—| Detector —3»—

to decide which received signals are 1's and which O's by comparing sample values to
corresponding threshold values. The objective of this Investigation is to introduce matched filters
that reduce the affect of AWGN by taking advantage of the fact that even though the noise may be
large a any given timeits average over time T is usually close to zero.

1. The objective of thisand the next several problemsisto find an equation for the impulse
response h(t) of thematched filter asfollows
r(t) , y(t)
—> | MatchedFilter | 35

afilter that we are going to derive to minimize the affect of the AWGN channel noise n(t) at the
time nT, when y(t) is being sampled. Note that we refer to such filters as matched filters
because they depend on and are therefore matched to the input
a. Show that y(t) = h(t)* gt) + h(t) * n(t) where h(t) is the impulse response of the
matched filter
b. From the result in part (a) we can write y(t) asfollows
y(t) =5,(1) +n,(t)

where s (t)=h(t)* s(t) and w,(t) = h(t)* n(t). Our goal now becomes to find the
impulse response h(t) of the matched filter to maximize
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Describe in words what is being maximized.
c. Tofind h(t) that maximizes (SNR), we first need to express |sb(TS) * and E[n(f(t)] in
terms of h(t). To do thiswe first express s (T,) and E[nj(t)] in terms of the transfer

function G(jf) of the matched filter. First explain where the following expression for
S.(1)

s,(1)= 0, S(Ne'™"dr = & G Pe” " df



and therefore where the following expression for |s,(T,) comes from

(T =|&, Glins e

where G(jf) isthetransfer function of the matched filter.

d. Make use of the following results relating the autocorrelation R, (t) and the noise spectral
densitiesS (f) and §, (f)

S.(N =SNG = 22 6(Nf

¥ )
R, @ =E[n®n,t+0)] =F S, (N)]= 9,5, (e df
with S,(f)= N,/2 equal to the power spectral density of the white noise to show that

eniw)] = =% g, 6N

2. The next step in this development is to find an upper bound on (SNR),. To do this we make
use of Schwarz's Inequality asfollows

£ )1 0F ot &, la()F dx

6, f(9ax)ax

a. Describe in words what Schwarz's Inequality says

b. Verify Schwarz's Inequality for f(x) =e *u(x) and g(x) = € “*u(x) where u(x) isthe
unit step function

c. Show that equality will hold if f(x) = kg (x)

3. The objective of this Problem isto make use of the results of Problems (1) and (2) to find an
upper bound on the (SNR), asfollows
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To find this upper bound we make use of Schwarz's inequality in the following form

O, XX D] £ &, IX(6) df &, X £ o

with equality holding if and only if X (f) =kX,(f).
a. Make use of Schwarz'sinequality to show that

£ QI8N df 9IS of

|di G(f)S e/ 2" df

Remember that |reje| =r



b. Make use of Schwarz's inequality and the result from part (a) to show that

(SNR), &= &I Nf

c. From part (b) we see that the maximum possible value of (SNR), is
(SNR), = Wo O IS(f) of
Now show that

s 0, Gins(Heraf
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(SNR)

Isequa to this maximum when
G(jf)=kS (f)e'*
where S (f) isthe complex conjugate of S(f)

4. Making use of the result from Problem (3) we have that the impulse response h(t) of the
matched filter is given by

h(t) = F*[G(jf)] = di G(jf)e*™df = (‘i KS (f)e 12PMel g
X £y 20T 1)
=Q, kS (f)e ™ - df
=9, ks F)e™" ™ Vet *
=s(T,- 1)
asafunction of s(t). Find h(t) for amatched filter if s(t) isrea

5. From Problem (4) we have that the impul se response of a matched filter with areal input s(t) is
given by

ht) = (T, - 1)
Now suppose that s(t) isapulse asfollows

S(0)

Ts

and the detector issampling at Ts=10
a. Sketch h(t) of the matched filter

b. Find the frequency response of the matched filter asgiven by G(jf) = F[h(t)]
c. Sketch the magnitude of your frequency response from part (b)



d. Makeuseof thefactthat y(t) = h(t) * qt) to sketch y(t)
e. From part (d) we seethat y(t) at the output of the matched filter at time Tgisequal to the

integral of s(t) from 0to Ts. Explain why integration reduces the affects of noise

6. The objective of this problem isto show how the output of a matched filter isrelated to the
energy of the transmitted pulses. Given amatched filter followed by a sample-and-hold as
follows

s(t) +n(t) Matched y(t) = 5,(t) +n,(t) y(T)
— > | Fler > Sample/Hold —3»—
h(t)=s(T-t)
with
ht)=s(T-t) P h(t-t)=s(T- (t-1))=s(-t+T+7)
and

Y(t) = x(®)* h(t) = QXN - T)de = Qx(T)S(- t+ T +1)ck

where T isthe duration of the pulse
a. Show that when x(t)=s(t) then

Y(T) = S fc)ck = E = Energy of ()

b. Show that if x(t) now contains additive noise n(t) asfollows x(t) = s(t) + n(t) then

Y(T) =E+n,(T)
where

n,(T)= ne)s)dke

7. Generalizing on the result of Problem (6) we have acircuit of matched filters for detecting
signals s (t) for 1 and s,(t) for O asfollows

Matched Filter | Y1(D) y1(T)
> nm=s(t- 1) >

r(t) *

v(T)

Detector —>»—

Matched Filter | Y20 K
> ht)=s,(T-t) > " ya(T)

a. Show that when r(t) = s(t) +n(t) then
V(T) = vy(T) =5, (T) +ne(T)

where 5,(T)= 9s(®[s®- s®]dt and n(T) =Qns® - s,O)]ct



b. Show that when r(t) =s,(t) +n(t) then
V(T) =V, (T) = 5,(T) +n,(T)
where 5,(T) = s (O[s®- s;O)d and n(T) =Qnt)s® - s,1)]dt

8. The objective of this problem isto show that the matched filters we developed in this
Investigation as follows

>

r(t)
>

>

r(t)

Maiched Filter | Y2() ya(T)
h=s(r-1 "
+ v(T)
Detector —>»—
Matched Filter | Y2(!) K
h(t)=s,(T- ) 213" [ m
areequivaent to correlation receivers asfollows
wit) [ ya(t) y1(T)
le(t)dt > | SH
+ v(T)
s1(t) Detector |3
wol) [ o ya(t) B
W, —
@ >80 am
So(t)

M emor ize the structure of correlation receivers. Then show that correlative receivers are
equivalent to matched filter receivers- that they have the same values of v(T) for the same
inputs - by showing that

a When r(t) = s (t) +n(t) then

V(T) = Vy(T) =55, (T) +ny(T)

where 5,(T) = 9 s®[S®) - s®]dt and ny(T)=n@[s(t) - s,®)]ct
b. And when r(t) = s,(t) + n(t) then
V(T) = V,(T) = 8,(T) +ny(T)
where 5,(T) = 9SO s,®)dt and ny(T)=n®[s(t) - s,0)]dt

9. Verify that the following circuit can be used as the integrator in the correlation receiver



UVAVAY. ‘D\
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with the switch open until time T at which timeit's closed. Why do we close the switch at time
T. Note that we call this an integrate-and-dump circuit



