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To do "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tabl es.

From the last Investigation we know that a block codeislinear if the sum of any two codewordsis
itself acodeword. In particular if aand b are codewordsthen sois

c=a+b

The objective of this Investigation isto show how linear codes ssimplify encoding and decoding of
data

1. Webegin with areview problem. Given the even parity code of size (3, 2)
a. How many valid codewords does the code have
b. Find all the codewords
c. Show that the codeislinear

2. The objective of thisproblemisto illustrate how al the codewords of alinear code can be
obtained from a subset of them.
a. Show that all the codewords of an even parity code of size (3, 2) can be obtained as linear
combinations of the codewords 101 and 011 as can 101 as follows

101 = 1(101) + 0(011)

b. Note that we say that the codewords 101 and 011 are aspanning set of the linear code.
M emor ize this definition. Then find another spanning set of codewords for this code
¢. What can you conclude from parts () and (b) about the uniqueness of spanning sets

3. From Problem (2) we have that if an encoder as follows

Input Data ii» Codeword c=c;coC3

> Encoder >

islinear with spanning set s;, S, then every codeword c can be expressed asalinear
combination of s; and s, asfollows
C =i +iss,

The objective of this problem isto illustrate how we can choose the spanning set to obtain
codewords that are systematic. Thetrick isto notice that if we use the spanning set 101, 011
then the resulting code as follows

CG,C; =iy (101) +i,(011)
IS systematic with

In matrix form we can write



Cee)=6n)E | O=Gie

where
0 1
G‘éo 1 1o

Iscalled the generating matrix of spanning codewords.

a. What isit about the spanning set we chose in this problem that makes the codewords
systematic

b. Verify that each of the codewords c,c,c, of the even parity linear code of size (3,2) can
be obtained from the matrix equation above with generating matrix G

c. Verify that your result in part (b) isin fact systematic
. Generalizing on the result of Problem (3) it can be shown that every linear code of size (n,k) has

aspanning set of k codewords that can be used to generate the codeword for an input i as
follows

c=iG

where c¢=1"n
i =1" k input
G =k’ n generating matrix of spanning codewords

a. Show that if we pick our spanning set so that the generating matrix G can be partitioned
asfollows

G=[1,:P|

where |l isakby k unit matrix as follows then the code will be systematic. Notethat P is

referred to asthe parity matrix
b. Find G for a(4,3) linear even parity code that is systematic
c. Find G for a(7,4) Hamming code for which

C=C+C+C =i iyt
Co =C, +Cy+C, =i, +iy +i,
C, =C +C gy =y +i, iy

Note that Hamming codes were thefirst error detecting codes found. They all detect one
error but are different sizes depending on the number of data bits.

. From Problem (4) we know that we can use the generating matrix G to encode datai asfollows
c=iG=i[l,:P]

where Pisthe k by n-k parity matrix. But the real problem, of course, isdecoding. Luckily
there's a straightforward way to decode received signals with what we refer to asthe parity-
check matrix H asfollows

H=[P" i1,

where PT isthe transpose of P (each element Pjk in P trades places with pyj)



Find H for the linear code with the following generating matrix G
L 0 0 0 1 1y
G=é0 1 0 1 0 1d
@ 011 1 of

. Now the key result for parity-check matricesH is that
GHT =0

a. Make use of thisresult toshow that cHT = 0 for any valid codeword c. Hint - express
cintermsof G

b. Do an exampleto verify that cHT = 0

. Now suppose that the signal at the input to the decoder is equal to
v=c+e

where ¢ = valid codeword from the encoder e = error from transmission. Wecal s=vHT
theerror syndrome of v

a. Showthat vHT = eHT
b. Calculate the error syndrome for the linear code with parity-check matrix

O 1 111 0 Oy
H=é1 0 1|0 1 oU
& 1 olo o 1§

forv=[1 0 1 0 1 0]
c. What isthe error syndrome equal to when thereis no error
. The objective of this problem isto show how parity-check matrices H can be used to do error

correcting. Suppose in particular that we have a (6,3) code with parity-checking matrix H as
follows

€O 1 111 0 Oy
H=61 0 1|0 1 OC
& 1 olo o 1§

that has distance 3 and so can correct one error. The procedure for detecting and correcting
these single errorsis as follows

(1) Cdculateatableof al the error syndromes s for errors e of weight one

(2) Calculatethe error syndrome s for the input v to the decoder
(3) Usethetablefrom Step (1) to find the corresponding error e

(4) Calculate our estimate of the correct codeas v + e

a. Verify thefollowing table of error syndromes of single bit errorsfor our H asfollows



e S

000000 | 00O
000001 | 001
000010 | 010
000100 | 100
001000 | 110
010000 | 101
100000 | 011

b. Calculate the error syndromefor v =111110.

¢. Then make use of the table to find what the original code ¢ wasiif there was only one
error.

d. What does an error syndrome of value s = 111 tell us



