ECE 405 - ANALOG COMMUNICATIONS - INVESTIGATION 8
INTRODUCTION TO FREQUENCY MODULATION - PART |
FALL 2005 A.P. FELZER

To do "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tabl es.

The objective of the last two Investigations was to introduce amplitude modul ation and see how
message signals m(t) can modulate the amplitudes of carrier sinusoids. Our main goals wereto see
what AM signals look like in the time domain and to find their spectrums so we could find their
bandwidths. The objective of thisand the next Investigation is to introduce angle modulated
signals asfollows

s(t) = A, cof2pf t +0,(1))
in which m(t) modulates the phase and frequency of the carrier.

1. The objective of thisfirst problem isto introduce a specia case of angle modulation which

we refer to asphase modulation (PM) in which the phase 0 ,(t) of the carrier signal as
follows

s(t) = A, cof2pf t +6,(1))
is proportional to the message signal m(t) asfollows
0,(t) = k,m(t)
The phase modulated signal isthen
Soy () = Accos(prct +K, rr(t))
where k, = phase senditivity in rad/volts. Sketch s(t) if m(t) isgiven by
m(t)

2. The objective of this problem isto introduce another special case of angle modulation called
frequency modulation (FM) in which the instantaneous frequency f, (t) of the modulated

sinusoid s(t) = A, cos( 2pft+ ea(t)) varies varies as afunction of the message signal m(t) as
follows

fi (©) = fo +k,m(1)
where k; isthe frequency sensitivity. Sketch (t) for m(t) as follows



m(t)

. What are two ways in which the graph of an AM signal is different from that of an FM signal

. From Problem (2) we know that for an FM signal the instantaneous frequency is given by
f,(t) = f, +k,m(t)
Therefore itsinstantaneous phase 6, (t) isgiven by

0,(t) = 2p Of ()dt = 2pft + 2pk; yn(t)dt
and so
Su (1) = A cos(2pf,t + 6, (1)) = A, cog8, (1)) = A cos{2pft + 2pk, gri(t)ct)
Therefore for frequency modulation, 6., (t) is proportiona to the integral of the message signal
m(t) asfollows
do, (t)

0,0 =2pk it O == =2pk,m(y

in contrast to phase modulation with
0,(t) = k,m(1)
Given m(t) = A, cos(2pf, t) find the equation for the

a. PM signd
b. FM signa

. Find the average normalized power of the following general angle modulated signal
S(t) = A cos( 2pft+ ea(t))

. The objective of this and the next two problemsisto learn about the bandwidths of FM signals
by examining the special case of asinusoidal message signa m(t) = A, cos(2pfmt) with

f(t) = f, +k,A, cod2pf t) = f. +Df cos(2pf, t)

where Af = kfAm = frequency deviation of the FM signal
a. What are the minimum and maximum values of f, (t)
b. Why dowe call Df the frequency deviation of the FM signa

c. Find 6,(t) = 2p O (x)cke
d. From part (c) we have

S(t) = A c:os(ei (t)) =A cos(2pfct +p sin(prmt))
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Why dowecdl § = I?—f the phase deviation of the FM signa

m

e. Find b for an FM signal with k, =1000 and m(t) = 5cos(2p2000t)

7. The objective of this problem isto find the bandwidth of the FM signal from Problem (6) with
m(t) = A, cos(2nf, t) asfollows
s(t) = A, cog®, (1)) = A cos(2pf,t + B sin(2pf,t))

in the special case where the phase modulation b is small compared to oneradian
a. Make use of the following trig identity

cos(x +y) =cos(x)cos(y) - sin(x)sin(y)
to express s(t) as a sum of products of sinusoids

b. Make use of the result in part (a) to show that s(t) can be approximated as followswhen b
issmall

s(t) » A cos(2pft)- B A sin(2pft)sin(2pf t)
c. What isthe bandwidth of s(t). Hint - make use of the following trig identity
sn(x)sin(y) == cos(x +y)- = cos(x y)

d. How does the bandwidth of anarrowband FM signal compare with that of an AM signal
with m(t) equal to asinusoid

8. The objective of this problem isto find the bandwidths of wideband FM signals - FM signals
with b much larger than one for the special case of m(t) = A, cos(2pfmt). Thetrick isto use
Euler's Relation to express s(t) asthereal part of acomplex exponentia asfollows

s(t) = A, cos( 2pft +p sin(2pfmt))
- Re[ACe j(2pfd+psin 2pfmt))]

= Re[AC P sn(2pint) szfct]
s(t) = R A X(t)e’*"™]

where x(t) ="

a Show that x(t) is periodic with period T =1/ f_. In particular show that x(t + T) = x(t)

b. Since x(t) is periodic with fundamental frequency f,, we can expressit in aFourier Series
expansion with coefficients X, as follows
¥
[o]

_ipsif2pE,t) _ j 2pkd |
x(t) =" = § X &2
k=-¥

with



X _1 \_lex(t)e—ijkfmtdtzi- \T/Zejﬁsin(prmt)e-jzpkrmtdt _1 \T’Ze—j(Zpkfmt-Bsin(zpfmt))dt
KoT Q. T Or /2 T Or /2

If we now make the change of variable x =2pf t then we have

1 P j(kx- Bsin(x
Xk :zope j(kx-Bsin( ))dX :‘]k(B)
which isreferred to as the Bessel function of the first kind of order k and argument f3 .
Bessel functions do not have closed form solutions but they can easily be calculated and
put in tables. Pulling all this together we see that angle modulated signal's can be written
asfollows

s(t) = Re[&ejﬁs”(zpfmt)ejmc‘] = Re?&?éi A eizp‘“m‘(-je"z‘”ctl:J
€ &y g f
é 3 . 5 . U
= ReAA:?é J.(B) g 20Knt Ogi2etct ™
€ ey g f
é g j2p(f.+kf )t U
=ReA A J(B)e™
€ "iex B

= A & 3,(8)cos(2p(f, + ki, )

Write out the sum for s(t) asasum of sinusoidsfrom k = - 2 to k = 2. Note that

J.(B)=(- 1)*3(B)

9. Given afrequency modulated signal with A_=5, p =3, f_=1000 and f =10*
a. Make use of Matlab, acaculator or atable of Bessdl functionsto find the coefficients
AJ.(p) fork=-5tok=5
b. Sketch the corresponding double-sided spectral plot
c. Write out the corresponding sum of cosines

10. What does the result in Problem (9) tell us about the bandwidths of angle modulated signalsin
contrast to the bandwidths of AM signals.

11. From Problem (10) we know that FM signals - at |east theoretically - have infinite bandwidths
with spectral components that require Bessel functionsto calculate. But as we would expect
most of the power of an FM modulated s(t) isin the first harmonics. Luckily Carson's
Formula as follows

16
—2DF +2f = 2DfC1+=C= 2f (B +1
B n= 20820 =21, 41

gives us areasonable approximation for the bandwidth of an FM signal with a sinusoidal
message signal. Make use of this equation to find the bandwidth of an FM signal with carrier
frequency k; =1000 and message signal m(t) = 5cos(2p5000t)

12. Generalizing on the result of Problem (11) it can be shown that if the message signal m(t) is
bandlimited by W asfollows



M) M(f)=0 for [f|>W

. : f
W | W

then the corresponding FM signal has a bandwidth Bt as follows

_ lg . _ Df
B —2Df§[+5g with D_W

Make use of this result to find the bandwidth of an FM signal with Df = 75 KHz asitis

for commercia FM and W =15 KHz. Notethat commercial FM stations are alocated
200 KHz of the spectrum.



