ECE 405 - REVIEW OF THE BASICS - INVESTIGATION 5
REVIEW OF THE FOURIER TRANSFORM - PART I
FALL 2005 A.P. FELZER

To do "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tabl es.

In the last Investigation we reviewed Fourier Transforms of nonperiodic signals like single pulses
and showed how they can be used in frequency domain analysis. In particular we showed how to
find the spectrums of signals pulses and how these spectrums can be used in analysis. Our main
results were that the Fourier Transform and inverse Fourier Transform of x(t) and X(f) aregiven

by
X(f)= @, xOe 'dt x(t) =@, X(F)e™"df

Andthat if x(t) istheinput to alinear system with transfer function G(jf) then the Fourier
Transform of the output y(t) isrelated to the Fourier Transform of x(t) asfollows
Y(f) = G(jf)X(f)

The objective of thisInvestigation isto review the Fourier Transforms of periodic signals and the
products of signals.

1. Let usbegin by finding the Fourier Transform of a constant as follows

x(H)

Thetrick to finding the Fourier Transform of a constant isto first find the Fourier Transform of
apulse asfollows

X(t)
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and then take the limit as the pulse width a goes to infinity. Now from the last Investigation we
know that the Fourier Transform X(f) of such apulseisgiven by

X(f) =hasinc(fa)

a. Draw asequence of graphsto show what happensto X(f) asthe pulse width a increases
b. Describe what's happening to the heights and widths of your graphs X(f) as a increases
and the pulse approaches the constant x(t) =h. In particular verify that your graphsin

part (a) are getting closer and closer to



X(f) = F[h] =hs (f)

2. The objective of this and the next problem isto find the Fourier Transform of asinusoid
X(t) =cos(2pbt). Now thetrick to finding the Fourier Transform of asinusoid isbasically the
same as for finding the Fourier Transform of a constant. We start by finding the Fourier
Transform of atruncated cosine x, (t) asfollows

xa(t)
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and then take the limit as a goesto infinity to obtain

F[Cos(Zpbt)] = ngl‘ o i +1'ej2pbtl::|: §(f +b) +6(f - b)
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Graphically we have

F[cos (2pht)]
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Memorize thisresult.
a. Explainin words why the Fourier Transform of x(t) =cos(2pbt) iszero at every
frequency except f =b
b. Find and sketch the Fourier Transform of x(t) = 3cos(2p1000t)

c. Find and sketch the Fourier Transform of x(t) = 3cos(2p1000t) + 2cos(2p2000t)
d. Verify that our result for the Fourier Transform of a sinusoid is the same asthat for a
constant when b =0

3. Generalizing on the results of Problem (2) we can make use of the fact that the Fourier
Transform of acomplex exponentia isan impulse function as follows

Flae *™] =ad (f +b)

to obtain the Fourier Transform of a periodic signal x(t) by taking the Fourier Transform of its
Fourier Series Expansion as follows
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a. Make use of these results to find the Fourier Transform X(f) of aperiodic signal x(t) of
frequency f, =1000 Hz with Fourier Coefficients X, =2, X =3¢€'?, X,=2e’

b. Sketch the magnitude of the Fourier Transform of x(t) in part (a)

c. Find and sketch the Fourier Transform of the following periodic signal x(t)
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4. From the result of Problem (3) we see that we can obtain the Fourier Transform of a periodic

signal x(t) asfollows

(1) Find the spectral coefficients Xk
(2) Make use of the X|'sto obtain the Fourier Transform

Make use of this procedure to sketch the Fourier Transform of the following pulse train

X(t)
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5. Find the Fourier Transform at the output of a circuit with frequency response as follows

G(jf)
1
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when the input has the following spectral plot
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6. The objective of this and the next several problemsisto review convolution as follows

v(u) * w(u) = div(u)w(r - u)du

so we can make use of it to calculate the Fourier Transforms of products. Sketch the
convolution of the following two signals



v(u)

and
w(u)

as afunction of r asfollows
v(u) * w(u)

Hint - Make use of the fact that the value of the convolution at each point r = ry can be obtained
asfollows

(1) Plot w(-u) by flipping w(u) about the vertical axis

(2) Obtainw(rg-u) by shifting the origin of w(-u) torq

(3) Multiply v(u) timesw(rg-u)

(4) Findthe area under the curve v(u)w(rg-u)

7. Given thefollowing signal v(u)

v(u)
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a. Sketch the convolution of v(u) and w(u) equa to the following narrow pulse of areaone
w(u)

u

b. Describe your result in part ()
c. Now make use of your result in part (a) to sketch the convolution of v(u) and

w(u) =5(u)
d. Sketch the convolution of v(u) and the shifted impulse 6(u- 2)
e. Describe your result in part (d)



8. Memorize the following result relating convolution and Fourier Transforms
FIx(t)y(©)] = X()* Y(f)

And then make use of it to sketch the following Fourier Transformsif x(t) has the Fourier
Transform
X(f)
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Sketch the Fourier Transform F[x(t)cos(2p1000t |

Describe how your result in part (a) isrelated to X(f)

Sketch the Fourier Transform F [ x(t)( cog(2p1000t) + cos(2p2000t))]

Describe how your result in part (c) isrelated to X(f)

Sketch the magnitude of the Fourier Transform F[x(t) p(t)] where p(t) isapulsetrain
of fundamental frequency f, =1KHz
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9. This problem makes use of convolution to find the spectrum of a product of sinusoids.
a. Make use of convolution to find and sketch F[cos(2p1000t)cos(2p3000t)]. Hint -
approximate the impulses by very narrow pulses.
b. Verify that your result is consistent with the fact that

cos x cosy = 0.5 cos (x+y) + 0.5 cos (x-y)

10. Inthisand the last three Investigations we reviewed frequency response and Fourier
a. List theresults you understand
b. List the results you don't understand
c. What questions do you have



