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BIT ERROR RATE OF MATCHED FILTERS

FALL 2005 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tabl es.

The objective of this Investigation isto make use of the results from the last Investigation to
calculate the probability that asigna s(t) will be so distorted by noise that the output of the
detector will bein error.

1. From the last Investigation we know that matched filter circuits as follows
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aswell asthe equivaent correlation circuits as follows
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minimize the affects of additive white Gaussian noise. But they don't eliminateit. Therefore
v (T) at theinput to the detector will have a probability density function as follows
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when theinputssy (t) for 1 and sy(t) for 0 areequally likely. The job of the detector isto

make its best guess of which signal was sent. Thisis done by choosing athreshold voltage
V1 asfollows
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and then setting the detector to say the received signdl r(t) is

(1) s(t) when v(T)? Vi,
(2) s,(t) when v(T)<\V,.

Thevaue of V,, ischosen to minimize the probability of error. Going through the analysis it
can be shown that thiswill happen where the two probability densities intersect. For equally
likely signals like those above V-, is simply the mean as follows
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a Shadeintheareafor P(E|1) = Probability of an error when s (t) istransmitted
b. Shadeinthe areafor P(E|0) = Probability of an error when s, (t) istransmitted

c. What isthe area under each of the Gaussian curvesif the signals are equally likely
d. Find an expression for P(E) in terms of P(E|0) and P(E|1)

2. Make use of the following result for Gaussian distributions
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to express P(E) in Problem (1) as a sum of integrals when both s (t) and s, (t) are equally
likely. Note that of isequal to the variance of n,(t) - the noise reaching the detector

3. Make use of the fact that the sum of the two integralsfor P[E] in Problem (2) can be written as
asingleintegral asfollows
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to show that P[E] can be written asfollows
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where Q(a) isgiven by
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. Make use of the following two results

T

(1) = Q'S80 - sO]dt = SO - §'sOS O =E,- § sOs,t)et
$2(T) = Q SM[s0)- sO]dt=- § SO+ SO O =-E,+ §'sOsOat

to show that s,(T;) - s, (T;) in Problem (3) can be expressed in terms of the energies E, and
E, of s(t) and s,(t) isasfollows

su(T) - $(T)=E, - 2 JEE, +E,

where
E, = S (t)dt = Energy of s(t)
E, = § S3(t)dt = Energy of s, ()
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v =iJVEE Q ' y = Correlation coefficient of 5(t) and s,(t)
to E,=0or E,=0p

. Now make use of the result in Problem (4) and the fact that the variance of the noise function
n, (t) can be shown to equal

o =2 (E,- 2/ [EE +E,)
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where N,/ 2 isthe power spectral density of the noise n(t) in the channel to show that
a?/El- 2y JEE +E,0

P(E)=Qg¢
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. Suppose s (t) isa"pulse" of amplitude A= 0 and duration T, =1 psec and s, (t) isapulse of
amplitude A= 2 and duration T, =1 psec

Find E for s(t)

Find E, for s, (t)

Findg

Find the probability of error if N, =10"° watts/Hz

Find P(E) interms of Q asafunction of N, and E, equal to the average energy of s(t)
and s, (t). Hint - express E and E, intermsof A and T,

Caeo ow

. Suppose s(t) isapulse of amplitude A= 2 and duration T, =1 psec and s, (t) is a pulse of
amplitude A= - 2 and duration T, =1 psec



Find E for s(t)

Find E, for s, (t)

Findg

Find P(E) interms of Q asafunction of N, and E, equal to the average energy of s(t)
and s, (t)

e. How doesincreasing E, affect P(E). Explain what's going on
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8. Thebit error rate (BER) tellsustherate at which we can expect errors. For example a bit
error rate of 10”7 tells us that there will be - on average - one error in every 10° bits. Suppose
we have adigital communication system transmitting pulses at arate of 10K BPS = 104 bits/sec

with BER=10""°
a. What's the average number of errors A per day
b. What's the average time in days between errors
c. What's the probability of no errorsin a given day assuming the errors have a Poisson
distribution with
}\-k - }\4
P(k)= " e



