ECE 315 - DISCRETE RANDOM VARIABLES - INVEST 7
EXPECTATIONS OF DISCRETE RANDOM VARIABLES

WINTER 2004 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

The objective of thisinvestigation isto calculate the expectations or averages of random variables.
Expectations are numbers that help us characterize and compare probability distributionsjust like
time constants and 3dB frequencies help us characterize and compare linear circuits.

1. We begin with areview problem. Suppose we flip afair coin three times. Find
a f,(2) if X isthe binomial random variable
b. f,(2) if X isthe geometric random variable

2. The objective of this problem isto calculate some averages

a. What's the average value of the sequence of numbers 2 32 4 4 3

b. What's the average value of a sequence of n numbers of which 1/4 are 2's, 1/3 are 3'sand
5/12 are 4's

c. What isthe average value of the random variable X if the results of doing the random
experiment awhole bunch of timesareasfollows 2 2 32 4 3 2

d. What's the average value of the random variable X with values 2, 3 and 4 if
fx(2) = /4, fx(3) = 1/3, fx(4) =5/12. Explain how you got your answer.

3. In Problem (2) we went through a series of calculations of averages that ended up in parts (C)
and (d) with us calculating the average value of random variables X. Werefer to the average
value or mean of arandom variable X asitsexpectation or expected value

K= E[X]. Find the mean or expected value of the random variable X with values
X1=1, x2=2, x3=3, and x4=4 if
a. After doing the random experiment awhole bunch of times we obtain the data
112413
b. fx(1) =16, fx(2) =13, fx(3) =15, fx(4)=3/10
c. The probability distribution is uniform

4. Generalize on your resultsin Problems (21) and (3) to come up with an expression for the
expectation p=E[X] of arandom variable X with values x 1, x2 and x3 having probabilities

fx(x1), fx(x2) and fx(x3).

5. Generalizing on the results of Problem (4) we have that the expected value of a discrete random
variable X with values x1, X2, ..., Xpn and probability distribution function fx(x) is given by

the following expression
w=E(X)=a X fe(x)
i=1

Describe in words why this expression gives us the expectation of X. Be sure to note that the
values of the random variables are the values of the xj's and not the values of the integers 1, 2,

..., N. Memorize this expression



6. Make use of the expression in Problem (5) to find the expected value of the random variable X
with probability distribution function as follows
fx(x)
0.5
0.25 | |

1 2 3 X

7. The objective of thisand the next problem isto find the expectation of abinomia random
variable. We begin with abinomial random variable X with n=1 and probability of successp
a. Find the probability distribution function of X
b. Make use of your result in part (a) to show that E[X] =p

8. Generalizing on the result of Problem (7) it can be shown that the expectation of agenera
binomial random variableis E[ X] = np. The objective of this problem isto verify this result
forthecase n=3 and p=1/2 for k=0,1,2, 3

a Make use of the binomia probability distribution function f, (k) = gg p“q" " tofind the

probability distribution function of X
b. Make use of the equation from Problem (5) to find E[X] asfollows

w=E(X) =8 % fy(x)

c. Verify that your result in part (b) agrees with the fact that E[X] = np for binomial random
variables - aswe will show later. M emorize thisresult

d. The objective of this part of the problem isto experimentally test your result in part (b).
Flip three coins twenty-five times and then cal culate the mean number of heads

e. Now compare your calculated and measured resultsin a Table as follows

Calculated E[X] | Measured E[X] | % Difference

How close are your calculated and measured results

9. Theobjective of this problem isto experimentally estimate the expected value of ageometric
random variable
a. Do acain flipping experiment with afair coin to estimate the expected value of a
geometric random variable - the average number of times we need to flip a coin until we
get a head

b. How closeisyour result in part (a) to the theoretical value of 1/p. Put your resultsina
Table

10. The objective of this and the next two problemsisto find the expectations of functions of
random variables. Suppose, in particular, that the random variable X has the following
probability distribution function

i) =13  fx(Q=1U2  fx(3) =16
a Find E[X]



b. Now find the probability distribution function fy(y) of the random variable
Y =2X. Set up aTablewith columnsfor X, Y and fy(y)

c. Make use of your result in part (b) to find E[Y] = E[2X]
d. Findthe probability distribution function fyy(w) of the random variable W=3X

11. Giventhe same random variable X asin Problem (9) with probability distribution function
fx(1) =13 fx(2) =12 fx(3) = 1/6

Now suppose Y = 2X2
a. Find the probability distribution function fy(y) of Y

b. Make use of your result in part (a) to find E[Y]

12. Generalizing on the expression in Problem (5) we have that the expectation of Y =g(X) is
given by

E[Y]=E[g00)] =a 9(%) fx(%)

Memorizethisresult. Then
a. Describein words the above expression for E[Y]
b. Write out the sum for n=3

c. Usethisexpression for E[Y] to calculate the expectation of Y = 2X2 for fy(x) from
Problem (10) asfollows

fx(1) =1/3 fx(2) =1/2 fx(3) = 1/6
Hint - set up and make use of a Table asfollows

X | g0 | x)

d. Verify that your result in part (c) agrees with your result in Problem (10). Put your
resultsinaTable

13. Cdculate E[(X- 1)2] for X with the following probability distribution function
fx(1) =1/3 fx(2) =1/2 fx(3) =1/6
14. Make use of our general relation
E[Y]=E[g(X)] =@ 9(x) fx(x)
i=1

to show that E[kX] = KE[X]

15. The objective of this problem isto illustrate how to calculate conditional expectation asfollows

E[X]Y = y] =& X,y (XY =)

Calculate E[X|Y=Q] if X isthe number of heads when we flip afair coin threetimesandY =0
means the number of headsis even. Notethat O is an even number



