ECE 315 - DISCRETE RANDOM VARIABLES-INVEST 6
BERNOULLI EXPERIMENTS

WINTER 2004 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

In the last investigation we saw that random variables are functions that assign numerical valuesto
the outcomes of random experiments. The objective of thisinvestigation is to introduce a special
class of random experiments called Bernoulli experiments. And then define some random
variables for them. Bernoulli experiments are of particular interest not only because they're so
common but also because so many random experiments can be approximated by them.

1. We begin with areview problem. Find two random variables X and Y that assign numerical
values to the outcomes when we flip a coin three times.

2. The objective of this problem is to define what we mean by atrial. When we perform arandom
experiment like flipping a coin three times then we refer to each flipasatrial. And werefer to
the experiment of flipping the coin threetimesasasequence of three trials. Make up your
own example of arandom experiment that is a sequence of trials.

3. Bernoulli trials areaspecia kind of trial having the following properties

(1) Eachtria hasone of two possible outcomes which we refer to as success and failure
(like heads and not heads)

(2) The probability p of success and the probability g=1—p of failureisthe samefor
each tria

(3) Thetriasare independent

Given dl thisBernoulli experiments are random experiments consisting of sequences of
Bernoulli trials. M emorize the properties of Bernoulli experiments. Then make up your own
example of aBernoulli experiment. What are thetrials of your experiment.

4. Now let us consider the ssmple Bernoulli experiment of flipping afair coin (p=q=1/2) three
times.
a. Firstjustify that this random experiment isin fact Bernoulli
b. What isthe probability of the outcome HTH in this Bernoulli experiment

5. Generalizing on the example of the last problem we have that the probability of agiven outcome
of aBernoulli experiment like

SSFSFF

where the S's are successes and the F'sfailuresis - since the trials are independent - smply the
product of the corresponding probabilities as follows

P[SSFSFF] = ppagpaq

where p is the probability of success and q the probability of failure. Make use of this result to
find the probability of the following outcome when acoin isflipped 8 times with P(H) = 0.6

HHTTHTHH



. Inthelast several problems we defined and gave several examples of Bernoulli experiments.
The objective of thisand the rest of the problems of this Investigation is to define some random
variables on Bernoulli experiments. Thebinomial random variable of aBernoulli
experiment is ssimply the number of successful trials.

a. Suppose, in particular, that we flip afair coin atotal of threetimes. Set up aTable of the
possi ble outcomes and the corresponding values of the binomial random variable function
if successisahead. Then calculate the values of the binomia probability distribution
function.

b. Generalizing on the result of part (a) it can be shown that the probability distribution
function for the binomia random variableis given by

=G0 pta

where
n = number of trials
k = number of successes
p = probability of a success
g=1-p=probability of afailure
N ,
?ﬁo =0 = number of combinations of n things taken k at atime
ekg (n- k)!'Kk
Use this equation to check your resultsin part (a)

c. Suppose that the probability of any given scope being in calibration after amonth of useis
p =0.6. What'sthe probability that exactly two scopes from alab of four will bein
cdlibration after amonth

d. What's the probability that at least two of the scopesin part (¢) will still bein calibration
after amonth of use. Explain how you got your answer

. Calculate and then make a plot of the binomial probability distribution function fx(m) versus m
for n=10 and p=q=1/2. Describeyour graph

. Thegeometric random variable is another example of arandom variable defined on Bernoulli
experiments. Itsvalueisthetrial at which the first "success' occurs. If, for example, the first
"success’ occurs at the second trial, then the value of the geometric random variableis x=2.

Now suppose we again flip afair coin with success again given by a head
a. Set up a Table with the values of the geometric and binomial random variables for the
following outcomes

HHTT
THHT
TTTH

b. What is a possible outcome if the value of the geometric random variable is 3 and the
binomial random variable is 2 after acoin isflipped 5 times

. Suppose weflip afair coin until we get a head
a. Calculate and plot fy (1), fx(2) and fx(3) for the geometric random variable X with fx(k)

equal to the probability of the first successat trial k
b. Then plot the corresponding cumulative distribution function Fx(x)

c. What is Fx(4) - Fx(2) the probability of

10. Generalizing on the result of Problem (9) we seethat if X is ageometric random variable then



k
F, (k) = Q f,(m) = P(First success comes by trial k)
m=1

= P(At least one success by trial k)
=1 —P(No successes by trial k)

Now suppose we have a Bernoulli experiment with P(success) = 0.6

a. Find the probability for the first success at trial 4
b. Find the probability for the first success by trial 4

11. Now suppose we flip afair coin until we get ahead
a. What's the probability fx(4) that thefirst head is at the 4th toss
b. What's the probability that the first head is at the 4th toss if the first three tosses are dll
tails. Explain your answer. Be careful - thisisaconditional probability problem
c. What's the probability that the second head is at the 7th toss if the first head is at the third
toss. How isyour answer related to the result in part (). Explain what's going on

12. A discrete probability distribution function fx(x) isunifor m if al the probabilities are equa as

follows fx(xl) = fx(xz) =...= fx(xk). M emorize this definition

a. Suppose we flip acoin twice. Come up with arandom variable for the outcomes that
has a uniform probability distribution. Put your result in a Table
b. Plot fx(x) and Fx(x) for your examplein part (a)



