ECE 315 - DISCRETE RANDOM VARIABLES-INVEST 5
INTRODUCTION TO DISCRETE RANDOM VARIABLES

WINTER 2004 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

From the first four Investigations we know how to calculate the probabilities and conditional
probabilities of events. The objective of this Investigate is to introduce random variables -
functions that assign numbers to the outcomes of our random experiments. Suppose, for example,
that we flip a coin three timeswith sasmple space S={TTT, TTH, THT, ...}. Oneexample of
arandom variableis the function that assigns to each outcome the number of heads. Random
variables are important because they enable usto easily specify events, caculate things like
averages and draw graphs.

1. Aswesaidintheintroduction, random variables are functions that assign numbersto the
outcomes of our random experiments. M emor ize thisdefinition. And then make up two
random variables X and Y for when we flip a coin three times.

2. Let usnow flip afair coin three timeswith random variable X equal to the number of heads
a. What are the values of the random variable X
b. Set up a Table containing each possible outcome and its vaue of X
c. Draw aVenn diagram with four events - one for each value of X
d. Aswe can see from the Venn diagram in part (c), arandom variable defines a partition of
the sample space. What are the outcomesin each of the events making up the partition for
the random variable X of this problem.

3. Oncewe have arandom variable X the next step isto calculate the probabilities of its different
values. Suppose, in particular, that X isequal to the number of heads when we flip afair coin
three timeslike in Problem (1)

a. Find the probabilities for the different values of X - the probabilities P(X=0), P(X=1),
P(X=2) and P(X=3). Put your resultsin a Table.
b. Then make adiscrete plot of fx(x) = P(X=x) asafunction of x like the following
fx(x) = P(X=x)
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4. Thefunction fy(x) = P(X =x) we caculated in Problem (3) isan example of aprobability

distribution function. It tellsusthe probability that the random variable X will equal the
value x when we do the random experiment. Given the following probability distribution
function
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Find the following probabilities
a P(1<x£3)
b. PLE£XE 3)
c. Px>1)
d. P(x3 1)

5. Find and then make a discrete plot of the probability distribution function fx(x) for the number

of defective computersin a shipment of 2 computers randomly chosen from a group of 5
computers, 3 of which were defective. Hint - find the probability by listing all the possible
outcomes with W1 and W> the working computers and D1, D2 and D3 the defective ones.

6. In Problem (3) we calculated the probabilities of the random variable X equal to the number of
heads when we flip afair coin three times. More generally we're interested in the probability
that the value of X isinagiveninterval like 1 <x £ 3. Make use of your resultsin Problem
(2) to find the probability P(1 < x £ 3). Describe how you got your result.

7. Generalizing on the result of Problem (5) we find that it's usually easier to calculate the
probability that arandom variable X isin agiven interval asfollows

a<XE£b

if wefirst calculatethe cumulative distribution function Fyx(x) = P(X = x). Suppose,

asin Problem (5) that X isthe number of heads when we flip afair coin three times.
a. Find the cumulative probabilities Fx(x) = P(X £ x) for x=0, 1, 2, 3. Explain how

you got your answers. Put your resultsin aTable.
b. Makeaplot of Fx(x) likethefollowing

Fx(x)
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as afunction of the continuous variable x.
c. Now make use of your Fx(x) to find P(1 <x £ 3) = Fx(3) - Fx(2)

d. Explaininwordswhy P(1<x £ 3) = Fx(3) - Fx(1)

8. Sketch F (x) for the following probability distribution

f (X)
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9. The objective of this problemisto do another example involving cumulative distribution
functions F, (x) . Suppose X isarandom variable with a probability distribution function

f, (x) asfollows
fx(X)

0.1
0.2
0.4
0.1
0.2

Find the probability P(1<x £ 3). Explain how you got your result

Calculate the cumulative distributive function F, (X) and add the valuesto your Table
Plot f, (x) and F (x) versusx

Verify and then explain why the result you got in part (a) is equal to the following
function of Fx(x)
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P(1<x £ 3) = Fx(3) —Fx(1)
e. Generalizing on the resultsin part (d) we have
P(a< x £ b) = Fx(b) — Fx(a)

Explain in words why Fx(x) is a nondecreasing function starting at 0 and ending at 1.
M emorize this result.

10. The objective of this problem isto introduce conditional probabity distribution functions
fx(X|B) = P(X=x|B). Once again |et's suppose that X is the number of heads when weflip a

coin three times and that B isthe event that thefirst flipisahead. Find these probabilities and
put them in aTable.

11. Generalizing on the conditional probability distribution function of Problem (10) we now
define fxv(xly) = P(X=x|Y=y). Calculate fxy(x|y) and put theresultsin a Tableif X again
equals the number of heads when we flip afair coin threetimesand Y =0 when thefirst flip
isahead and Y =1 whenthefirst flipisatail.



