ECE 315- INTRODUCTION TO STATISTICS - INVEST 22
CONFIDENCE INTERVALS

WINTER 2004 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

From the last Investigation we know how to cal culate sample means X and sample variances s°.

We also know that the smaller the variance of the sample means X the more likely itisthat X is
close to the population mean . The main objective of this Investigation is to make use of the

Central Limit Theorem to quantify how close X isto .

1. What does the Centra Limit Theorem tell us about the probability distribution of the sample
mean X asfollows
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2. From Problem (1) we know that X has a Gaussian distribution. And from the last
Investigation we know that

E[X]=u
Now show that
Var[X]| =02 :—iVar[X]
Hint - make use of the fact that
Var[aX] =a*Var[ X]
and when X, X,, ---, X, areindependent then
Var[ X, + X, +--+ X | = Var[ X | +Var[X,] + -+ Var[X ]

3. Given the results of Problem (2)
a Sketch the probability distribution f5(X) of arandom variable X with probability density
asfollows

f(X)

i X
b. Describe how increasing the size of n affects f7(>_<) . Draw graphsto illustrate

4. The objective of this problem isto apply our result that the sample means



ax

=1

X =

Sk

have a Gaussian distribution with variance
- 1
Var|X| =02 == Var[X
[ ] Ox n [X]

to estimate the population mean w. Suppose the sample meanis X =7.8

a. What's the probability that the population mean u isintheinterval 7.8+ 0.2 if
n =100 samples

b. What isthe value of a in the following expression P[7.8- a£ w £ 7.8+a] =0.99 if
n = 100 samples

c. How large does n have to be for the probability to be 0.99 that the population mean u is
intheinterval 7.8+ 0.1

5. The objective of this and the next problem isto make use of hypothesis testing to estimate the
probability p of acoin coming up heads. Thetrick isto ssmply define each flip of the coin to be
arandom variable X asfollows

jl i'thtossisheads

~10 ithtossistails

If we now flip the coin n times our estimate p for the probability p that our coin comes up
headsis ssimply
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a. Make use of the fact that

PI_PE P g ghow tha o, =¥E_E P p)
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b. Describe how o, dependson n equal to the number of tossesin the sample

Var[p] =

6. From Problem (5) we know that p has a Gaussian distribution (whenn3 30) asfollows

f5(P)
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and we have an equation for o,. Therefore we can say that 99.9% of the time our estimate pis
approximately within 3o ; of p asfollows
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We cdl thisthe confidence interval. M emorize this result
a. Why is 3o ; only an approximation of the 3o -point

b. Find the confidence interval when p=0.4 and n= 100
c. Find nfor aconfidence interval of £0.05

. Up to now we've been assuming that the sample size nislarge enough (at least around 30) for
usto apply the Central Limit Theorem in our calculations of confidence intervals for sample
means. But when nisless than 30 the Gaussian approximation is no longer valid. But aslong
as the underlying population is Gaussian - asit is for sample means X - we can use Student's
t-distribution f(t) witht asfollows

_X-u
NG

Student's t-distribution is similar to the Gaussian but "flatter" and more spread out. Notein
particular that the Student t-Distribution has a different curve for each value of n. And that
n- 1 isreferred to asthe degr ees of freedom (df) of the distribution.

t

Use atable of Student's t-distribution to find the 90% confidence interval for a sample of size
n=20 with X =7.8 and s= 3. Go to the table and find the value of t,, for 19 degrees of
freedom. And then substitute into

P(- toes <t <tgg) =0.90

and find the corresponding confidence interval for u






