ECE 257 - LESSON 20
INTEGRATION AND DIFFERENTIATION

SPRING 2007 A.P. FELZER

IN CLASS

The objective of this Lesson isto see how Matlab can be used to approximate the integrals and
derivatives of functions. In particular we'll see how to approximate

(1) Distancetraveled from speed by approximating the integral of the speed
(2) Speed from distance traveled by approximating the derivative of the distance

1. We begin with some simple examples of calculating distance from speed. Suppose the speed of
an object is constant over an interval asfollows

v(t) (ft/sec)

t (sec)

a. Sketchthe speed v(t) for O£t £6sec
b. Sketch the distance x(t) =3t for O£t £6sec

2. From Problem (1) we see that when the speed is constant the distance traveled increases (or
decreases) linearly. Make use of thisfact to sketch the distances for the more general cases
below.
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b. v(t) (ft/sec)

C. v(t) (ft/sec)

t (sec)




3. Theobjective of this problemisto use Matlab to calculate and plot the distance traveled by an
object with the following vel ocity

v(t) (ft/sec)
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Hint -
(1) First create avector v for the speed in each two second interval

(2) Then make use of afor loop to calculate a distance vector x with

x(n) = Digtancetraveled from t = O to the end of the n'th interva

= (Digtancetraveled from t = 0 to the end of the (n - 1)st interval)
+ Dt (Speed in the n'th interval)

x(n) =x(n - 1)+ (DX)v(n)
(3) Plotthedistancetraveledfromt =0 sectot =6 sec

4. The distances calculated in the previous problems - the areas under the curves - were easy to
find because the speed in each interval was constant. More generally, however, the speed
varies continuoudly like in the following graph

v(t) (ft/sec)

| t (sec)
Now we can still divide timeinto intervals of length Dt as follows
v(t) (ft/sec)
—
l t (sec)
| (n- 1Dt nDt

but we have to modify our equation for x(nDxt) asfollows

X(nDt) = Distancetraveled fromt = 0 to t = nDt
= (Digtancetraveledfromt =0tot =(n- 1)Dt)
+ Dt (Average speed in the n'th interval)
x(nDt) = x((n - 1)Dt) + Dt (Average speed in the n'th interval)
The problem isthat in general we don't know the average speed and so the best wecandois
approximate it. The simplest approximation of the average speed in an interval isthe speed at

the beginning of theinterval. The rationale for this approximation isthat if the intervals are
small enough then as the speed goes up and down from one interva to the next the estimate of
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the total distance traveled after a"long enough” time should be pretty close to the actua vaue.
So we have

x(nDt) » x((n - 1)Dt) +Dt (Speed at the beginning of the n'th interval)

Now suppose we have an object traveling at the speed v(t) =4t ft/secfor O£t £ 5sec.

a. UseMatlab to plot the speed v(t)

b. Use Matlab to calculate and plot x(t) using the above approximation for x(nDt) with
Dt =1sec

Repeat part (b) with Dt = 0.1 sec

Repeat part (b) with Dt = 0.01 sec

. Use Matlab to plot the actual distance traveled x(t) = 2t*

f Compare the above approximations to the actua distance traveled
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5. From the previous problems we see how Matlab can be used to approximate the distance from
the speed by approximating the area under the curve - by taking itsintegral. The objective of
this and the next problemsis to now make use of Matlab to approximate the speed from the
distance. We begin by calculating some average speeds. Suppose an object hastraveled a
distance x(t) asfollows

x(t) (feet)

/—— t (se0)

(n-1)Dt nDt

a. Writean equation for its average speed in thetimeinterval (n- 1)Dt£t£ nDt asa
function of x(t)

b. What is the relationship between the slope of the line connecting the points x((n- 1)Dt)
and x(nDt) and the average speed

c. Find the average speed between (n - 1)Dt =100 sec and nDt = 102 sec if x(100) = 250 ft
and x(102) = 272 ft

6. Suppose our object is going back and forth like a pendulum with x(t) = cos(2t) feet during the
timeO£t£5 sec
a. Use Matlab to obtain agraph of x(t)
b. Use Matlab to calculate the average speed of the car asfollows
x((n- 1)Dt) - x(nDt) _ Dx(t)
(n- 1)Dt- nDt Dt

Average Speed =

ineachinterva of length Dt =0.5secfort =0tot =5 sec. And then plot these average
Speedsasastaircase graph fromt =0 to t =5 sec. Hint - make use of afor loop or the
diff function

Repeat part (b) for Dt =0.1 sec

Repeat part (b) for Dt =0.01 sec

Now plot the actual speed v(t) =- 2sin(2t)

How does the size of Dt affect the approximation of the speed

~Pap

7. In the above problems we showed how to use Matlab to approximate the speed as the derivative
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of the distance and the distance as the integral of the speed asfollows
v(t) = i X(t) and x(t) = Cy(t)at
Putting these two results together we have
N — \wj o —_ \wj o
X(t) = op(t)dt = %Et X(t) ﬂdt p X(t) = @a X(t) ﬂdt

which, with some restrictions, istrue for any x(t). What do we call thisresult



