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RECURSIVELY DEFINED SEQUENCES
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To do "well" on thisinvestigation you must not only get the right answers but must also do neat,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. You aso need to include appropriate graphs and tables.

In the last two Investigations we showed how to write and solve recursive equations. The main
objective of this Investigation is to show how Languages made from strings of letters and symbols
can be defined recursively.

1. We begin with some review problems. Write pseudocode for determining how long it takes a
Fibonacci family of rabbitsto reach 1000

2. Go backwards to solve the following recursive equation for S(4)
S(n)=9n- 1)+3n S0)=0

3. The objective of this problem isto introduce Gambler's Ruin. In this scenario

(1) Webet 1% at atime by flipping acoin. We win $1 if the coin comes up heads and lose
our $1 if the coin comes up tails

(2) pisthe probability the coin comes up heads (the fraction of time it comes up heads) and
g = 1-p isthe probability it comes up tails (the fraction of time it comes up tails)

(3) The betting stops if we lose all our money or we reach some predetermined goal of N
dollars

(4) P(n) isthe probability we eventually lose @l our money if we presently have n dollars

a. Explaininwordswhy P(n+1)= pP(n+2) +qP(n)

b. When p* q it can be shown that the solution to the recursive equation in part (a) isgiven
by

rk- N

1-r"

P(k) =

withr =q/p. Make use of thisresult to find P(20) if we start out with n=3%20, p=
0.48, g=0.52 and N = $40

c. Make use of your result in part (b) to decide if the gambler is better off betting $1 at atime
or betting al $20 at once

4. The objective of this and the next problem is to show how recursion can be used to define
"Languages' consisting of strings of letters and symbols like the following

x = abbaba
For this problem the Language S has words x equal to strings of a's and b's as follows

(1) S1: Theempty string € isin Language S
(2) S2: If xisin Sthensoisxa
(3) S3: If xisinSthen soisxab



a. Determineif x = abaaab isinthe Language S. Hint - start from the right hand side. Be
sure to justify each step with an S1, S2 or S3

b. Determineif x = aababa isin Language S

c. Determineif x =abbaa isin Language S

5. Thisobjective of this problem isto make use of recursion to define the Language P of
parenthesis - the language for specifying valid strings of parenthesislike (())()

(1) P1: Theempty string ¢ isin Language P
(2) P2: If xisinPthensois(x)
(3) P3: If xandy arein Pthen soisxy

a Isit possible to determineif agiven string of parenthesisisvalid by simply determining
if there are an equal number of left and right parenthesis. Either prove or givea
counterexample

b. Determineif x=(()()) isinP. Hint - aswe go from |eft to right the number of left
parenthesis must always be greater than or equal to the number of right parenthesis. Be
sure to justify each step with aP1, P2 or P3

c. Determineif x=(( )))( isinP

6. Make up your own Language and then find some valid and invalid strings



