Appendices Analysis of Uncertainty

Appendix C: Analysis of Uncertainty

In an experiment, we make direct measurements of quantities like lengths, times, masses, etc.
The instruments used to make these measurements vary in quality as does the expertise of
the researchers using them. Furthermore, parametersthat are out of the control of the
researcher may cause undesired variations in the things that are being measured. Often, the
very thing being measured may not even have awell-defined vaue like, for example, the
diameter of acylinder that isn't perfectly round (asis always the case to some degree).

These measured values are used in calculations to obtain experimental resultsthat are
usually compared with the predictions of theory or with the results of other experiments.
Since experimenta results are based on measurements that are unavoidably uncertain, there
will inevitably be some difference between the values being compared. Thus, the important
guestion arises, “Is the difference more than could reasonably be expected giventhe
uncertainties in the measured values?” Put more simply we mean, “How likely isit that the
differenceisreal?”

“Analysis of uncertainty” (often misleadingly called “ error analysis’) is athree step
process that consists of 1) estimating the unavoidable uncertainty in one’ s experimental
measurements, 2) determining the resulting uncertainty in the calculated results, and

3) using those uncertainties to evaluate the significance of experimental discrepancies.

Asyou read the following sections and as you perform the experimentsin this course
please keep these pointsin mind:

1 Estimates of uncertainty are just that—estimates. For our purposesthey are
intended to represent “worst case” values—i.e., your estimate of the largest amount
by which the true value of a quantity might differ from the measured value.
Although estimates of uncertainties are never “guesses,” reasonable people may
assign uncertainties to the same measurement that vary by afactor of two or three.
Keeping thisin mind can significantly simplify the analysis of uncertainty and
improve your ability to evaluate your results.

2 Genuine discrepancies between experiment and theory do occur even in student
labs. These are generally dueto real effects that have not been taken into account in
the theory used to analyze the data. One of the most interesting and challenging
aspects of data analysisisidentifying possible reasons for such genuine
discrepancies.

3 Notwithstanding the above, if you are reasonably careful in the lab, you will rarely
observe discrepancies larger than 20 or 30%. Whenever you do obtain
discrepanciesthat large it is quitelikely that you have made amistake either in
collecting your data or in performing the required calculations. Please recognize the
enormous difference between a discrepancy of 10% and one of afactor of ten. The
former may arise as aresult of unavoidable uncertaintiesin the data; the latter is
amost certainly the result of amistake.
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We will use the following notation an terminology in all that follows:
Let “X’ be the name of a measured or calculated quantity. Then

Xrue = the“truevalueof ‘X.” (Usually unknown and unknowable!)
Xpest = our “best estimate of Xirye’
ax = the “absolute uncertainty in xpeg,” i.€., the largest likely value of
|Xbest — Xtrud- (Often called simply the uncertainty.)
d . . o
xb_x = the “relative or fractional uncertainty in xpegt,” Often expressed as a
est

percentage and then called the * percentage uncertainty in Xpeg.”
Xmin = Xpegt — dx = the minimum likely value of Xrye
Xmax = Xpegt + dx =the maximum likely vaue of Xye
X © Xmin t0 Xmax = Xpegt £ dX = our “experimental range for ‘x ”
(Usually just called the “ experimental valueof ‘x.””)

Uncertaintiesin Measurements

Estimating the uncertainty in measurementsisthe first step in the analysis of uncertainties
and it must be done at the time that the measurements are made; it can not be done
correctly as an afterthought.

Sources of uncertainty may be grouped into two categories

Uncertainty dueto instrumental precision: For our purposes the instrumental
precision can be determined simply from the scale of the instrument and how
accurately you can read it. (More properly it aso includes random effects that occur
in the operation of the instrument and also some understanding of how well the
instrument is calibrated.) Instrumental precision setsalower limit on the
uncertainty in ameasurement. Please note carefully, however, that it isquiterare for
the uncertainty in a measurement to be determined by thisfactor. One of the most
common mistakes made by students in the introductory lab is underestimating the
uncertainty in a measurement by assuming that it is equal to the instrumental
precision and ignoring the generally larger “ sample uncertainty.”

Sample uncertainty: Sample uncertainty is determined by the “inherent variability”
in the measurement being made. For instance, if oneistiming the fall of aball with
adigital stopwatch the sample uncertainty islikely to belarger than the instrumental
precision because of the difficulty of insuring that it is always dropped from the
same height, that it isn’t given adight push, that you start and stop the stopwatch at
theright times, etc. Measuring the width of atable with ameter stick would
probably have less sample uncertainty unless, of course, the width actually does vary
alongitslength. Sample uncertainty aso results from the role of the researcher’s
judgment in using the instrument.
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It isworth taking amoment to identify two types of errors that may afflict experimental
measurements. We have neither of these in mind when we discuss experimental
uncertainty.

Mistakes, blunders, etc.: These comein many forms and include such lapses of
technique as misreading instruments, forgetting to zero an instrument, making
calculation errors, mistakesin reporting units, etc. While you may occasionally
make mistakes, they are not legitimate sources of uncertainty. They should be
discovered and eliminated. With proper care you won't make them.

Systematic errors. Influences that produce consistent deviationsin a set of
measurements. For instance, they may result from using uncalibrated instruments.
These are usually the hardest kind of errorsto discover. We will say more about
systematic errors when we discuss the evaluation of experimental discrepancies.

Example: Finding the mass of an object

Suppose you are measuring the mass “m” of an object on atriple-beam balance as shown
inFig. 1. First you make certain that the balance is* zeroed”—i.e., that the indicator points
to zero when al the balance weights are set to their “zero” positions and there is no mass
inthe pan. (Even this preliminary procedure is part of the measurement process; it involves
your judgment; and it is asource of uncertainty in the measurement.) Next you place the
object to be measured in the pan and adjust the two larger calibrated masses on the
measuring unit as shown in Fig. 1 to be near the balance condition. Thetwo larger
calibrated masses rest in indents assuring you that they are placed properly. (How well do
they “assure you” of that? Would they be in exactly the same position if you were to make
the measurement again?) Finally you adjust the smallest of the three calibrated masses until
the pointer on the unit indicatesthat itisin balance. (Notice carefully that this cals, again,
for ajudgment on your part. You could certainly move the small mass by alittle bit and till
consider the scale to be “balanced.”)

d
0 100 ‘ 300 400 500 600 700 _ 800 _ 900/
/

Fo Y EEERN R Y T IR T T TR TR \G\MHH?'H [N TR TR oY | I

Figure 1: The measuring unit of atriple-beam balance

The best way to determine the uncertainty in a measurement isto make the
measurement—starting from scratch—many times. Each individual measurement will be
subject to the limitations imposed by the instrumental precision. By making a set of
measurements, however, we will seeif thereis additional sample uncertainty over and above
the instrumental uncertainty. Asaresult we will form agood idea about both the best value
(mpegt) @nd its uncertainty (dm). For instance, suppose that you measured the mass of the
same object six times with the balance beam and got the following vaues:

23449 23509 (Six single measurements of the mass,
23319 23.35¢g each subject to the same instrumental
23479 23.38¢ precision of about = 0.01 g.)

Note the following:

Thevauesare al between 23.31 g and 23.50 g.

Their averageis 23.4083 g.

They range fairly uniformly above and below this value by about 0.1 g.

No values are particularly out of line with therest as, say, 25.10 g would be.
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A reasonable conclusion is that the measurements are “consistent” with each other and
simply reflect the sample uncertainty that results from our judgment in the use of the scale.
The measurements imply an uncertainty dm of about 0.1 g. Given this, it makes no senseto
report our best value with digits beyond the tenth’ s place. Accordingly we might take 23.4
g for mpeg and 0.1 g for dm and report this concisely as

M° Mpeg + dM=(23.4+ 0.1) g = (2.34 + 0.01) x 102 kg

Another reasonable person might decide that the “true value” probably lies somewhat
closer to the average than to the outlying values and might report the result as

m=(23.41+0.05) g (Another reasonable way to report the result)
In any event observe the following rules:

Rulesfor reporting experimental values

1 Get areasonable vaue for the uncertainty.

2 Round the uncertainty to one significant digit. (One possible exception to
thisrule: If that digitisa*®1” or a“2” you may want to keep one extra
digit. Rounding 0.14 to 0.1 isa 30% change; rounding 0.84to 0.8 isonly a
5% change!)

3 Round the best value to the same decimal place as thesingledigit in the
uncertainty. (If you have kept two digitsin the uncertainty, then round the
best value to the same decimal place as the second digit in the uncertainty.)

4 Report the best value and its uncertainty with units and any common powers
of ten factored out as shown in the examples above.

Nobody, can tell you the “right values’ to report for the best value and its uncertainty;
these involve your judgment. But, while thereis no “right answer,” there are definitely
wrong answers. In the current case, it would definitely be wrong to say any of the following

m = 23.4083 (Wrong for lots of reasons, most notably because it
doesn’t include units.)
m = 23.4083 g (O.K., it has units, but it’s still wrong because it

doesn’'t give the uncertainty.)
m =(23.4083+ 0.0001) g (O.K., now we have an uncertainty, but it's much too
small; any reasonable person would agree.)

m = (23.4083 £ 0.0736) g (A reasonable uncertainty reported with too many
digits; uncertainties themselves are seldom, if ever,
known that accurately.)

m =(23.4083 + 0.07) g (A reasonably reported uncertainty, but the best value
reports digits that are not significant.)

m=(23x1)g (Correct agreement between the uncertainty and the
best value, but the uncertainty is ssmply not that big;
any reasonable person would agree.)
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Uncertaintiesin Calculations. “Propagation of Uncertainty”

Once we have our measured values and reasonabl e estimates of the uncertaintiesin them, we
are ready to do the calculations that give us our experimental results. We need to obtain
reasonabl e estimates for the uncertainty in those results. The process by which thisis done
iscalled “propagation of uncertainty.” The following “Brute Force” method determines
the uncertainty in aresult in arather direct manner.

The“Brute Force” method for propagating uncertainties

Consider a quantity f that isto be calculated from measurements. Calculate finax and
fmin based on appropriate combinations of the maximum and minimum values for
the measured quantities. From these determine fpegt and df as follows:

fbest:'%(fmax + fmin)and df :%(fmax - fmin)

Although the Brute Force method sounds straightforward, it is not aways easy to carry out
in complex caculations. Therefore, we will also develop a set of three smple rules that can
be used to propagate uncertainties through complex calculations one step at atime.

Uncertaintiesin Addition and Subtraction
Suppose that we want to add the two measured lengths

L1=(25+1)cm and Ly=(20%=2)cm

togetL =L1 + Lo, Remember that “25 + 1” means “somewhere between 24 and 26"
and “20 £ 2" means “somewhere between 18 and 22.” The Brute Force method would

Lmax = L1imax + Lomax =26 cm+22cm =48 cm
and
Lmin = L1m|n + L2m|n =24cm+18cm=42cm

In other words the range for L is between 42 cm and 48 cm. Accordingly, we would write
L=(45+3)cm

Note, however, that thereisasmpler method sinceitisno accident that dL = dLq + dLo_ It
is easy to show, in general, that when adding or subtracting numbers, the absolute
uncertaintiesadd. Thisisthefirst of our three rulesfor propagating uncertainties through
caculations.

Uncertainties in Multiplication and Division
Next suppose that we want to divide the quantity

V=(100+3)cm3 by A=(20+1)cm?2
togetL = V/A It should be clear that
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; Lmax = Vimax/Amin = (103 cm3)/(19 cn¥) = 5.42 cm
! Lmin = Vimin/Amax = (97 cm3)/(21 cn?) = 4.62 cm
So wewould get L = (5.02 £ 0.40) cm which, after rounding appropriately, becomes
L=(5.0£0.4)cm
Once again, however, thereisasimpler method. Note that
dL dv  dA

= +
Lbest Vbest Abest

. 0.4 3 1
e, 50 =100 t 20 or 8% = 3% + 5%

Isthisan accident? Infact, no. Itisreatively easy to show, in general, that when
multiplying or dividing numbers, the relative uncertaintiesadd. Thisisthe second of our
threerules.

Uncertaintiesin Powers
Finally, suppose that we want to take the square root of

A=(25+1)cm?2
to getL = AY2 |t should be clear from the Brute Force method that

and

Lmin = AminY/2 = (24 cm)Y2= 4.899 cm
So wewould get L = (4.999 + 0.100) cm which, after rounding appropriately, becomes
L=(5.0+0.1) cm
Once again, however, thereisasmpler method. Note that
de _1%dA 0
I—best B 2g’bbesta

. 01 1 1 1
ie, Eg =33 O 2%=35 4%

Isthisan accident? Again, no. Itisrelatively easy to show, in general, that whenraising a
number to apower, its relative uncertainty is multiplied by the power. Thisisthe last of our
three rules which we now summarize as the “ step-by-step” method.
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Step-by-Step method for propagating uncertainties
Rule #1—Addition and Subtraction

When adding and/or subtracting a set of numbers, the absolute uncertainty
in theresult isequal to the sum of the absolute uncertaintiesin the set of

numbers,i.e,
If f=w+x +...—-y—z—..
Then df=dw+ dx+..+dy+dz+..

(Note: The uncertainties are all added, never subtracted.)
Rule #2—Mulltiplication and Division

When multiplying and/or dividing a set of numbers, the relative uncertainty
in theresult isequal to the sum of therelative uncertaintiesin the set of

numbers, i.e,
If f :WXXX...
yXZX..
Then of = dw + dx +...+ dy + dz +...
fbest Whest  Xpest Yoest  Zbest

(Note: Therdative uncertainties are all added, never subtracted.)
Rule #3—Powers

When raising a number to a power, therelative uncertainty in theresult is
equal to the relative uncertainty in the original number timesthe power, i.e,

If f=xn
dof  Edx O
. :

Then = é T
fhest Xpest @
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An Example
Suppose that
r =(a-blc)?

wherea=(12.3+0.1) cm, b= (72 + 2) cm3, and ¢ = (8.5 + 0.3) cm?2. Sincethefirst thing
we are going to do is adivision, we need the relative uncertaintiesin b and ¢ so we can add
them. (Rule#2) We will express the relative uncertainties as percentages. For instance, the

2
relaive uncertainty inbis5 =.028 = 2.8%.

_é123+01 (72£2) cm3
r=dl123£0.1) em—1ge770 3) cm2d
& 72cmB £ 2.8% %

= [(12.3 + 0.1) cm — (8.47 cm + 6.3%)]°

(While we are doing the calculation we will keep “too many” digitsin our numbersto
avoid accumulating round off error. We will round off properly at the end of the entire
calculation.)

Next we will do a subtraction. We need the absol ute uncertainty in the last term so that we
can add it to that of thefirst term. (Rule#1) Wefind that 6.3% of 8.47 cm is0.53 cm so

[ =[(12:3%0.1) cm— (8.47 + 0.53) cm]’

=[(3.83 + 0.63) cm]2

Next, we are going to square thisvalue. We need to go back to the relative uncertainty again
so that we can doubleit. (Rule #3)

r =[3.83cm =+ 16.4%]2

=14.7cm? + 33 %
Finally, we express the result in standard form, rounding appropriately.
r =(15+5)cm?
Just to check, let’stry the Brute Force method
Fmin = [(12.2 = 74/8.2)cm]2 = 10.1 cm?
I'max = [(12.4 —70/8.8)cm]2 = 19.8 cm?

So weget r = (14.95 * 4.85) cm2 which, after rounding appropriately, becomes
r =(15+5)cm?
In agreement with the result from the Step-by-Step method
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Evaluating the “ Significance” of “ Discrepancies’

Usually at the end of an experiment we will compare our results with those of others or the
predictions of some theoretical calculation. Thiswill involve comparing two or more values
to see how well they agree with each other. Any difference between two such valuesis
called a“discrepancy.” Keepin mind, however, that discrepancies are inevitable since the
results of experimental work will always be subject to experimental uncertainty. The
important question is, “Is the discrepancy within the limits set by the experimental
uncertainty?’ If itis, we say the discrepancy “is not significant;” that is, it is accounted
for by the size of the experimenta uncertainty. If the discrepancy isoutside the limits set
by the experimental uncertainty, we say the discrepancy “is significant;” that is, it is not
accounted for by the size of the experimental uncertainty. (Please keep in mind that thisis
never an “all or nothing” judgment; “significant” discrepancies vary from “somewhat
significant” to “extremely significant.”)

When the discrepancy is judged to be “significant” we have some more work to do.
Without question, the first thing we must do isto check our calculations and make sure that
we haven’'t smply made amistake.

If our calculations are correct we should consider the possibility that we have
underestimated the experimenta uncertainties. Generally this can only be done by taking
more data and reconsidering our estimates of the uncertainty in our measurements. If we
find that we have underestimated the uncertainties, areanalysis of the datamay render the
discrepancy “insignificant.”

If wedtill find that the discrepancy is significant, we would want to take alook at the
numbers with which we are comparing our results—especialy if they are the result of
theoretical calculations. The predictions of theory are only as reliable as the theory upon
which they are based. For example, the predicted range R of a projectile shot horizontally
with initial speed v off of acliff with height his

[2h
R=v 0] (where g = the acceleration due to gravity)

This prediction assumes, however, that 1) thereisno air resistance, 2) the projectileis shot
exactly horizontally, 3) h and R are measured between appropriate points—not atrivia task,
4) the acceleration due to gravity is constant, etc. Some of these assumptions are likely to
be very good, but others may be highly questionable. Ignoring these factors introduces
systematic errorsinto the experiment which, in turn, will produce non-random discrepancies
in theresults. When looking for this type of error pay attention to the algebraic sign of the
observed discrepancy. Inthe case of the projectile, for instance, if we observe that our
experimental rangeis consistently larger than the range predicted from theory, we can rule
out air resistance as a possible explanation.

If we still judge the discrepancy significant after careful consideration of everything that
might possibly account for it and if we can convince others to do the same experiments,
reproduce our discrepancies, and agree that they are significant (abigif!), then it may be
time to celebrate. For the discovery of agenuinely significant discrepancy is an important
event in an experimental science like physics. No matter how deeply we believe in atheory,
in spite of how many other phenomenait explains, and, certainly, regardiess of how many
Nobel Prizesits developers may have won, if it really does not agree with the results of
experiment, it iswrong.
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Exer cises:

1. Each of the following lists represent a series of measurements of some quantity. From
each list determine a“best value” and an associated reasonable uncertainty. (Ineach
case you should first determine the apparent instrumental precision and sample
uncertainty.)

a) 15.42 mm, 15.45 mm, 15.37 mm, 15.36 mm, 15.39 mm, 15.41 mm
b) 3419,3419,34.19,3419,34.1¢g
C) 244s,248s,237s,251s,242s,246s,2445s,2.39s,249s

2. Perform the following cal culations and express your result properly with uncertainty
and units.

3 (338+02)m-(182£01)m Answer: (15.6 £ 0.3) m
2[(12.4+0.3) cm] .
b) (2.88 + 0.07) x 103 s Answer: (86 £ 4) m/s

c) p[(7.44 +0.04) cm]?2 Answer: (174 + 2) cn?
or (1.74 +0.02) x 102 m2

(26.72 + 0.05) cm — (13.8 + 0.2) cm

d) (411 0.03) 52 Answer: (0.76 + 0.03) cm/<
or (7.6 +0.3) x 103 m/&?
or (7.6 +0.3) mm/s?
(13.31 + 0.04) cm + (4.5 + 0.2) cm
€) (12.230.05) s

f) % [(4.65 + 0.03) mm]2 [(6.7 = 0.1) cm]

2[(88.5 + 0.3) cm]
[(1.78 £ 0.04) 2

3. Which of the following pairs of humbers have significant discrepancies?

g) (9.80+0.01) m/s?—

8 (23.4+0.3)N and 236N

b) (10+6)J and 5J

c) (2.34467 + 0.00003) g and (2.34441 + 0.00001) g
d) (1.56+0.03) x 104kgs and (4.41+0.03) x 103 g hr
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